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Teilen dieses Werkes ist zulässig. Sie ist grundsätzlich vergütungspflichtig. Zuwiderhand-

lungen unterliegen den Strafbestimmungen des Urheberrechtsgesetzes.

c©2007 Institut für Mechanik der Ruhr-Universität Bochum

Printed in Germany



Zusammenfassung

Das Ziel der vorliegenden Arbeit liegt in der Entwicklung eines dreidimensionalen Finite-

Elemente-Modells zur numerischen Simulation von Versagensformen unter Berücksichti-

gung endlicher Formänderung. Um auch komplexe Versagensvorgänge effizient beschrei-

ben zu können, wird ein kohäsives Materialmodell verwendet. Hierzu wird eine konsti-

tutive Gleichung betrachtet, welche den Spannungsvektor an einer Fläche mit einer Ver-

schiebungsdiskontinuität, wie z.B. der Rissöffnung, koppelt. Die numerische Implemen-

tierung dieser erweiterten Materialbeschreibung stellt einen wesentlichen Themenkomplex

der vorliegenden Arbeit dar. Im Gegensatz zu bisherigen Modellen erlaubt die vorgeschla-

gene Methode, dass beliebige konstitutive Gleichungen integriert werden können. Auch

die Wahl der Approximationsgüte des stetigen Anteils der Deformationsabbildung unter-

liegt keinen Restriktionen. Um die Qualität des numerischen Modells abschätzen und

gegebenenfalls verbessern zu können, wird im zweiten Teil der Arbeit ein neues adaptives

Verfahren entwickelt. Unter der Annahme, das zu analysierende mechanische Problem

sei durch einen variationellen Rahmen charakterisiert, wie z.B. die Minimierung eines

Energiepotenzials, werden so genannte variationelle adaptive Finite-Elemente-Methoden

ausgearbeitet. Diese Verfahren verwenden das zugrundeliegende variationelle Konzept

sowohl zur Berechnung der Zustandsvariablen und der Deformationsabbildung als auch

zur Verbesserung der Finite-Elemente-Diskretisierung. Die Leistungsfähigkeit dieser Me-

thoden wird anhand zweier Prototypen (r-Adaptivität und h-Adaptivität) aufgezeigt und

die Kopplung mit den zuvor beschriebenen kohäsiven Modellen skizziert.

Abstract

This thesis is concerned with the development of three-dimensional finite element for-

mulations suitable for the analysis of material failure at finite strains. Focus is on the

simulation of complex failure patterns. For that purpose, a cohesive-type constitutive

model is adopted and further elaborated. More precisely, a traction-separation law con-

necting the stress vector acting at a certain surface to a displacement jump such as a

crack opening displacement is considered. A numerically efficient implementation of this

non-standard model is one of the ultimate goals of the present thesis. The advocated finite

element formulation allows for a broad range of different constitutive models. Further-

more, no restrictions regarding the space of the continuous displacement approximations

are required, i.e., higher-order polynomials can be applied as well. For estimating the

quality of the numerical solution a novel class of adaptive methods is presented in the

second part of the thesis. Assuming the considered mechanical problem is driven by a

variational principle such as energy minimization, so-called variational adaptive finite el-

ement formulations are developed. Within those methods, the state variables and the

deformation mapping as well as an improved discretization are computed from the same

overriding principle. The performance of those variational mesh adaptions is illustrated

by means of two prototypes: variational r-adaptivity and variational h-adaptivity. Fi-

nally, the coupling of cohesive finite element formulations and variational mesh adaption

is briefly discussed.





Contents

1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 State of the art review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Structure of the present work . . . . . . . . . . . . . . . . . . . . . . . . . 14

2 Constitutive modeling at finite strains 17

2.1 Kinematics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.2 Balance equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.2.1 Conservation of linear momentum . . . . . . . . . . . . . . . . . . . 19

2.2.2 Conservation of energy . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.2.3 The second law of thermodynamics / Balance of entropy . . . . . . 21

2.3 Hyperelasticity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.3.1 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.3.2 Principle of minimum potential energy . . . . . . . . . . . . . . . . 24

2.4 Plasticity theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.4.1 Fundamentals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.4.2 Example: Single-crystal plasticity / single slip system . . . . . . . . 30

2.4.3 Numerical implementation . . . . . . . . . . . . . . . . . . . . . . . 31

2.5 Standard dissipative media . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.5.1 Fundamentals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.5.2 Numerical implementation . . . . . . . . . . . . . . . . . . . . . . . 36

2.5.3 Example: von Mises plasticity model . . . . . . . . . . . . . . . . 38

2.6 Variational, thermomechanically coupled formulation . . . . . . . . . . . . 41

2.7 Range of application of classical local continuum theories . . . . . . . . . . 43

i



ii Contents

3 Modeling of localized material failure by strong discontinuities 45

3.1 Kinematics induced by strong discontinuities . . . . . . . . . . . . . . . . . 46

3.1.1 Fundamentals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.1.2 The strong discontinuity approach . . . . . . . . . . . . . . . . . . . 47

3.1.3 Numerical implementation . . . . . . . . . . . . . . . . . . . . . . . 49

3.1.4 Comparison to other SDA-based finite element formulations . . . . 53

3.2 Constitutive equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.2.1 Constitutive Equations for X∈ Ω±: Stress-strain laws . . . . . . . . 55

3.2.2 Constitutive Equations for X∈ ∂sΩ: Traction-separation laws . . . 55

3.3 Numerical implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.3.1 Fundamentals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.3.2 Elastic unloading . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.3.3 Inelastic loading . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.3.4 Linearization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3.3.5 Extension to higher order elements . . . . . . . . . . . . . . . . . . 73

3.4 Computation of the normal vector . . . . . . . . . . . . . . . . . . . . . . . 76

3.4.1 Formation of discontinuities in rate independent media . . . . . . . 77

3.4.2 Uniqueness of the solution . . . . . . . . . . . . . . . . . . . . . . . 80

3.5 Computation of the topology of the singular surface ∂sΩ . . . . . . . . . . 83

3.6 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

3.6.1 Two-dimensional problem: Extension of a strip with a circular hole 85

3.6.2 Three-dimensional problems using geometrically exact kinematics . 88

3.7 Open problems concerning strong discontinuity approaches . . . . . . . . . 96

4 A variational r-adaptive finite element formulation 97

4.1 Introduction to Arbitrary Lagrangian-Eulerian (VALE) formulations . . . . 97

4.2 Introduction to Variational Arbitrary Lagrangian-Eulerian (VALE) formu-

lations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.3 ALE approximation of the deformed and the undeformed configuration . . 100

4.4 Fundamentals of VALE formulations . . . . . . . . . . . . . . . . . . . . . 102

4.5 Optimization of the positions of the nodal coordinates . . . . . . . . . . . . 103

4.5.1 Fundamentals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104



Contents iii

4.5.2 Numerical ill-posedness of the optimization problem . . . . . . . . . 106

4.5.3 Viscous regularization of the configurational forces . . . . . . . . . . 109

4.6 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.6.1 Stretching of a slab . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

4.6.2 Uniaxial tensile test of a notched specimen . . . . . . . . . . . . . . 114

4.7 Node migration in and out of the boundary . . . . . . . . . . . . . . . . . 118

4.7.1 Fundamentals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

4.7.2 Example: Bending of a cantilever beam . . . . . . . . . . . . . . . . 120

4.8 Extension of the VALE formulation to standard dissipative media . . . . . 121

4.9 Further improvements of the VALE formulation . . . . . . . . . . . . . . . 123

5 A variational-based remeshing strategy 125

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

5.2 Fundamentals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

5.3 Coupling of the energy-based remeshing strategy with variational VALE

formulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

5.4 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

5.4.1 Cantilever slab . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

5.4.2 Bending of a notched beam . . . . . . . . . . . . . . . . . . . . . . 131

5.5 Further improvements of the VALE formulation and the energy-based re-

meshing strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

6 A variational h-adaptive finite element formulation 133

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

6.2 A local refinement strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

6.2.1 A local refinement strategy based on marked edges . . . . . . . . . 135

6.2.2 A local refinement strategy based on marked elements . . . . . . . . 135

6.3 Variational refinement criteria . . . . . . . . . . . . . . . . . . . . . . . . . 137

6.4 Bisection criteria derived from local energy bounds . . . . . . . . . . . . . 140

6.5 Comparison of the proposed refinement criteria to classical error estimates 141

6.6 h-adaption combined with VALE formulations . . . . . . . . . . . . . . . . 142

6.7 Energy-based mesh coarsening . . . . . . . . . . . . . . . . . . . . . . . . . 143

6.8 Transfer of history variables . . . . . . . . . . . . . . . . . . . . . . . . . . 145



iv Contents

6.9 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

6.9.1 Uniaxial tensile test of a notched specimen . . . . . . . . . . . . . . 147

6.9.2 Indentation of a block: fixed force . . . . . . . . . . . . . . . . . . . 150

6.9.3 Indentation of a block: moving force . . . . . . . . . . . . . . . . . 155

7 Conclusion and outlook 157

7.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

7.2 Outlook and future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

A A tetrahedral shape measure 185

B Derivatives of a neo-Hookean energy functional 189

C Data structure for coarsening of a finite element mesh 190



Chapter 1

Introduction

1.1 Motivation

The finite element method represents one of the most powerful and versatile tools available

for the numerical analysis of complex engineering structures. In many cases, it provides

the only avenue for ascertaining the physical behavior of a system under investigation.

This approach was originally developed in the field of computational solid mechanics and

continues to be widely used in this context. A typical application is the computation of

the ultimate load of a structure which is a significance design parameter for practical en-

gineering problems. However, commonly adopted procedures for computing this maximal

load are based on rather crude approximations which naturally lead to certain drawbacks.

On the one hand, the design of a structure developed by applying these estimates may

be too conservative resulting in relatively low cost effectiveness. On the other hand, and

even more importantly, the resistance of a structure may be overestimated. It is obvious

that this can lead to disastrous consequences. The aforementioned problems demonstrate

clearly the need of reliable and efficient numerical methods for the analysis of engineering

structures.

The maximal loading of a mechanical system depends either on local material instabilities

such as strain-softening or on global stability problems like buckling. While global effects

can be accounted for by using an exact geometric description of the deformation, the phe-

nomena associated with material instabilities are far less understood. In recent decades,

much effort in the field of computational mechanics has been spent on the efficient and

physically sound modeling of dissipative material behavior. In particular, realistic simula-

tions of the failure of structures resulting from strain-softening represent one of the most

active research areas nowadays. Strain-softening can be interpreted as a local material

instability, characterized by decreasing stresses with increasing strains, which ultimately

leads to the global failure of a system. Concrete is a typical material which shows such

behavior under tensile loading – in this case, softening is related to the formation of

1



2 Chapter 1: Introduction

micro- and macro-cracks in the material. Often strain-softening is accompanied by the

presence of narrow bands exhibiting highly localized deformations. A typical example is

the formation of slip bands in soils. The thickness of these bands is several dimensions

smaller than the characteristic diameter of the respective structure. As a result, such an

effect can be understood as a multi-scale problem. This observation is crucial, since it

implies some consequences for the development of efficient numerical models.

The importance of designing methods for the prediction of strain-softening is obvious,

since classical continuum models are not objective in the presence of those local insta-

bilities. Numerical results obtained by standard constitutive laws in conjunction with

the finite element method thus show pathological mesh dependence. Consequently, the

computed solutions are not meaningful. For this reason, one part of the present thesis

deals with a new model suitable for the analysis of material failure. This approach fulfills,

among other things, the following properties:

• The deformation is described in a geometrically exact manner.

• The model is fully three-dimensional.

• The results obtained by the model are independent of the finite element triangula-

tion.

• It is multi-scale and accounts for the different length scales associated with the

characteristic diameter of the structure and the thickness of the zones showing

strain-softening.

The first three items ensure the objectivity of the numerical results for fully three-

dimensional problems undergoing large deformations, while the fourth point is, as men-

tioned before, related to the efficiency of the implementation. Obviously, the third con-

dition listed above can only be guaranteed asymptotically. More precisely, the space

of deformations spanned by the finite element formulation must be large enough. One

possible way of achieving this condition is classical (uniform) h-refinement, i. e., a dis-

cretization is generated in which the largest diameter of all finite elements is sufficiently

small. This seemingly simple method shows two different problems. On the one hand,

the term ”sufficiently small” depends highly on the physical system under investigation.

Consequently, this length scale cannot be computed a priori. On the other hand, uniform

refinement strategies lead to a large number of finite elements and hence, they result in

huge systems of equations. As a consequence, these approaches are relatively expensive.

As an alternative, an initially coarse triangulation can be locally refined. These models

are referred to as adaptive finite element formulations. In contrast to uniform refine-

ment, adaptive strategies enrich the space of deformations only where it is needed. For

instance, if a notched beam is analyzed numerically, the vicinity of the notch requires finer
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discretization compared to the remaining part of the body. Otherwise stress singularities

cannot be captured adequately.

Nowadays, adaptive finite element methods are relatively well developed in the context of

linearized elasticity theory. However, most physical phenomena require a geometrically

exact description. If a linearized framework is used, the obtained results may be com-

pletely different compared to those predicted by the more exact theory. Unfortunately,

the extension of adaptive methods originally derived for linearized models to the nonlinear

case is by no means straightforward. This is mainly related to the fact that the theory

of convergence is far from understood for nonlinear mechanics. Even the existence of the

solution is often not known. However, the theory of convergence is required for the deriva-

tion of mathematically sound a posteriori error estimates which themselves represent the

fundamentals of rigorous adaptive finite element formulations. The adaptive models for

nonlinear problems which can be found in the literature are based on error indicators.

Although some of them seem to give promising results, they are mostly introduced ad

hoc.

The problems mentioned before point out the need of developing adaptive finite element

formulations which can be applied to problems of nonlinear continuum mechanics. There-

fore, the second part of the present thesis addresses a class of novel mesh adaptions. These

new methods show the following properties:

• The deformation is described in a geometrically exact manner.

• The models are fully three-dimensional.

• Refinement is driven by the same principle which governs the underlying physical

problem.

• It allows for refinement as well as for coarsening.

The first two items summarized above are identical to those fulfilled by the class of

cohesive finite elements presented in this work. This is necessary to be able to couple

both approaches. The canonical structure of the novel mesh adaptions is highlighted in

the third point. More precisely, an error indicator is developed which guarantees a priori

that the adaptively improved mesh leads to a better approximation of the underlying

physical principle than the initial triangulation.

In many cases, the optimal mesh depends on the loading stage. For example, if crack

propagation is analyzed numerically, the discretization in the vicinity of the crack tip has

to be sufficiently fine. However, the position of this region changes due to crack growth.

Hence, previously refined domains should be coarsened, while the vicinity of the new crack

tip should be refined. Consequently, refinement has to be coupled with a de-refinement

strategy.
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1.2 State of the art review

As already mentioned, the first part of the present work is concerned with the development

of a new class of finite elements suitable for the analysis of material failure resulting from

strain-softening. Therefore, a state of the art review of such numerical approaches is given

first. Since the number of different models is very large, attention is restricted to a special

subset into which the newly proposed finite element formulation falls. Subsequently, a

motivation for coupling those models with adaptive finite element methods is given and

a state of the art review on mesh adaptions is addressed.

Nowadays, it is well known that numerical analyses based on standard (local) continuum

models show a pathological mesh-dependence (see [De Borst 1986]), if they are applied

to the simulation of problems involving strain-localization. This is strongly related to the,

by now classical, results on localization phenomena as studied for instance in [Hadamard

1903; Hill 1958; Thomas 1961; Mandel 1966; Rudnicki & Rice 1975]. In

these works, the authors studied the transition of a smooth deformation field into one

exhibiting weak discontinuities (the deformation field belongs to C/C1). In the static

case, this transition is associated with the loss of ellipticity of the governing equations,

see [Marsden & Hughes 1994]. As a result, the respective Boundary Value Problem

(BVP) is not well-posed anymore leading to non-uniqueness of the solution.

Unfortunately, the mesh-dependence corresponding to standard (local) continuum mod-

els as shown in [De Borst 1986; De Borst 2001] is not the only problem when

dealing with problems involving strain-softening. As mentioned earlier, the width of

the zones exhibiting localized deformations is often several orders of magnitude smaller

than the characteristic diameter of the structure considered. Thus, the application of

enhanced continuum models, such as non-local theories [Pijaudier-Cabot & Bažant

1987; Bažant & Pijaudier-Cabot 1988] or gradient enhanced models [Mühlhaus

& Aifantis 1991; De Borst & Mühlhaus 1992] (which involve a length scale re-

lated to the failure process) to the numerical analysis of a structural component requires

a sufficiently fine resolution of the localization zone; the computational cost of which may

be prohibitive.

According to [Belytschko, Fish & Engelmann 1988], an efficient approach suitable

for the analysis of large-scale engineering structures should not only avoid the mesh depen-

dence of the results computed numerically, but also account for the described multi-scale

character of the underlying physical problem. Most approaches complying with both re-

strictions are based on the incorporation of the kinematics associated with the small-scale

(the softening zone) into a large-scale macroscopic material model, cf. [Simo, Oliver

& Armero 1993; Garikipati & Hughes 1998; Armero 1999; Moës, Dolbow

& Belytschko 1999; Ortiz & Repetto 1999; Carstensen, Hackl & Mielke

2002; Miehe & Lambrecht 2003]. In these works, small-scale kinematics are captured

either by an enriched displacement field or a strain field.
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One class of models fulfilling the conditions of [Belytschko, Fish & Engelmann

1988] is represented by approaches based on strong discontinuities (jumps in the defor-

mation field), see [Needleman 1990; Dvorkin, Cuitiño & Gioia 1990; Klisinski,

Runesson & Sture 1991; Simo, Oliver & Armero 1993; Camacho & Ortiz

1996; Ortiz & Pandolfi 1999; Moës, Dolbow & Belytschko 1999; Sukumar,

Moës, Moran & Belytschko 2000]. These approaches can be understood as an ex-

tension of the cohesive zone models advocated in [Dugdale 1960; Barenblatt 1962]

and further elaborated by [Hillerborg, Modeer & Petersson 1976] who proposed

the Fictitious Crack Model. In contrast to classical continuum theories, these models are

based on cohesive laws connecting the traction vector with the displacement discontinu-

ity. For example in [Hillerborg, Modeer & Petersson 1976], the authors analyzed

cracking in brittle materials and postulated the normal vector of the stress vector acting

at the considered micro-crack to be a function of the crack-opening displacement.

The approaches using kinematics induced by strong discontinuities can be subdivided into

two classes. The models which were proposed first fall into the range of interface elements,

cf. [Needleman 1990; Camacho & Ortiz 1996; Ortiz & Pandolfi 1999]. That

is, a jump in the deformation field is allowed to occur only at the boundary between

neighboring elements. Within the second class of methods, the discontinuity can evolve

arbitrarily. More precisely, displacement jumps are even accounted for in the interior

of finite elements, see [Dvorkin, Cuitiño & Gioia 1990; Klisinski, Runesson &

Sture 1991; Simo, Oliver & Armero 1993; Moës, Dolbow & Belytschko

1999; Sukumar, Moës, Moran & Belytschko 2000]. A further classification is

possible, if the way of modeling the discontinuity is used as a criterion. In the numerical

models [Dvorkin, Cuitiño & Gioia 1990; Klisinski, Runesson & Sture 1991;

Simo, Oliver & Armero 1993], the displacement jump is approximated element-wise.

Continuity of the field of the discontinuities is not guaranteed at the element boundaries.

These implementations are often referred to as Strong Discontinuity Approaches (SDA).

Since the work of [Simo, Oliver & Armero 1993], most of the SDAs are based on the

Enhanced Assumed Strain (EAS) concept, cf. [Simo & Rifai 1990; Simo & Armero

1992], i. e., the jump in the displacement field is not modeled directly. Instead, only

the resulting strain field is taken into account. The other class of approaches accounting

for discontinuities within finite elements is represented by the so-called eXtended Finite

Element Method (X-FEM) or Partition of Unity Finite Element Method (PU-FEM), cf.

[Moës, Dolbow & Belytschko 1999; Sukumar, Moës, Moran & Belytschko

2000]. As implied by the second name of this procedure, it is based on the Partition

of Unity concept as introduced by [Babuška & Melenk 1996; Babuška & Melenk

1997]. Conceptually speaking, a given deformation approximation is locally enriched by

functions showing a compact support. In contrast to the SDA, the displacement field

itself is modified resulting in a continuous interpolation of the deformation jumps across

element boundaries.
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At present, many discussions on the advantages and drawbacks associated with each of the

just described cohesive finite element approaches can be found in the scientific literature,

cf. [Jirásek 2000; Jirásek & Belytschko 2002; Mosler & Meschke 2004;

Dumstorff, Mosler & Meschke 2003; Oliver, Huespe, Pulido & Samaniego

2005]. From the discussions contained in these works, it follows that none of the cohesive

element strategies published so far can be considered to be fully superior to the others.

For instance, the possibility of modeling a crack arbitrarily crossing a finite element as

allowed by using the SDA or the X-FEM sounds very promising. But this implies that the

topology of the singular surface characterizing a crack or a shear band has to be stored,

e. g. by using level sets cf. [Stolarska, Chopp, Möes & Belytschko 2001]. Clearly,

even in the three-dimensional case, this does not represent a problem, if only few cracks

are modeled. However, if complex crack patterns such as branching and intersecting

cracks are to be simulated, the numerical costs are prohibitive. As a result, the SDA as

well as the X-FEM have not been applied to such problems so far.

On the other hand, interface elements allow for computing complex crack paths and their

implementation is relatively straightforward, see [Ortiz & Pandolfi 1999; Pandolfi,

Krysl & Ortiz 1999; Pandolfi, Krysl & Ortiz 1999; Cirak, Ortiz & Pandolfi

2005]. However, approximating the topology of a hyperplane by the facets of the finite

elements contained in the respective discretization can lead to an overestimation of the

dissipation, see [Papoulia, Vavasis & Ganguly 2005]. More precisely, if a standard

triangulation is considered and no adaptive techniques are applied, the area of the numer-

ically computed crack surface cannot converge to the one corresponding to the analytical

solution in general. Based on this observation [Papoulia, Vavasis & Ganguly 2005]

recently proposed to use so-called pinwheel-based discretizations, cf. [Radin & Sadun

1996; Ganguly, Vavasis & Papoulia 2005]. The interesting characteristic of those

two-dimensional triangulations is the isoperimetric property. This property means that

the length of the shortest path between two points (P and Q) that uses only edges of

the finite element mesh converges to the length of the Euclidian distance from P to Q.

Consequently, the space of admissible crack paths spanned by the discretization is rich

enough to guarantee convergence. Evidently, this property is not fulfilled for standard

meshes. Although the results reported in [Papoulia, Vavasis & Ganguly 2005] seem

to be very promising, it should be pointed out that the proofs in [Radin & Sadun 1996]

are restricted to two-dimensional problems. Furthermore, even for plane triangulations,

the rate of convergence is not known. Hence, the results are only asymptotical in nature

and their extension to three dimensions is not straightforward.

As pointed out in the previous paragraphs, none of the cohesive element concepts is

completely superior to the others. In the present work, a model which falls into the class

of SDAs is advocated. In contrast to the interface elements and the X-FEM, the strong

discontinuities are modeled element-wise, i. e., in an incompatible manner. By this means,

the implementation is, conceptually speaking, restricted to the element level. Thus, in
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contrast to X-FEM, the algorithmic formulation is not very expensive, cf. [Oliver,

Huespe, Pulido & Samaniego 2005]. However, it should be noted that enforcing crack

path continuity induces a nonlocal effect. More precisely, information of the neighboring

elements are required, cf. [Oliver 1996; Oliver, Huespe, Samaniego & Chaves

2002].

The Strong Discontinuity Approach (SDA) in its modern form has been advocated by

[Simo, Oliver & Armero 1993; Simo & Oliver 1994]. Nowadays, the geomet-

rically linearized SDA is relatively well developed. For a review article see [Mosler

2004]. Most of the finite element formulations which are in line with [Simo, Oliver

& Armero 1993] are based on the implementation known from the underlying EAS

concept. More precisely, the additional degrees of freedom associated with the discon-

tinuous deformation mapping are condensed out by employing the static condensation

technique, see, e. g. References [Simo & Oliver 1994; Oliver 1996; Armero &

Garikipati 1996; Larrson & Runesson 1996; Armero 1999; Wells & Sluys

2001c; Jirásek & Zimmermann 2001]. Alternatively, [Borja 2000; Mosler &

Meschke 2000; Mosler & Meschke 2001] proposed an algorithm avoiding the use

of the static condensation technique. In contrast to the classical EAS concept according to

[Simo & Rifai 1990; Simo & Armero 1992], the L2-orthogonality condition between

the stresses and the enhanced strain variations is not computed simultaneously with the

weak form of equilibrium. Instead, a staggered solution scheme is applied. It turns out

that the L2-orthogonality condition can be interpreted as a consistency conditions known

from classical plasticity theory formulated in stress-space. This observation is crucial,

since on the one hand, it opens up the the possibility of applying efficient integration

algorithms originally designed for standard (continuous deformations) continuum mod-

els to cohesive finite element formulations, cf. [Mosler & Meschke 2003; Mosler

2005e]. On the other hand, the implementation as proposed in [Borja 2000; Mosler

& Meschke 2000; Mosler & Meschke 2001] can be regarded as the continuation of

the work done by [Simo, Oliver & Armero 1993]. More specifically, the analogy as

well as the link between material models for continuous deformations and interface laws

such as traction-separation relations has been highlighted and extended to their numerical

implementation.

According to [Mosler 2004], the equivalence between SDAs based on the static con-

densation and models falling into the algorithmic framework advocated in [Borja 2000;

Mosler & Meschke 2000; Mosler & Meschke 2001] holds only for finite elements

using a constant approximation of the strains. For higher order elements, both approaches

lead to different results. Furthermore, and even more importantly, if the degrees of free-

dom corresponding to the discontinuous deformation field are already condensed out at

the material point level, crack path continuity cannot be enforced for higher order ele-

ments. However, this is essential for computations being almost independent with respect

to the mesh bias, cf. [Jirásek & Zimmermann 2001; Oliver, Huespe, Samaniego
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& Chaves 2002; Feist & Hofstetter 2005]. Without enforcing continuity of the

crack surface, the results obtained from SDAs are almost identical to those predicted by

smeared crack models, see [Mosler & Meschke 2004]. That is, they show a depen-

dence with respect to the given mesh bias. For this reason, a novel SDA was proposed

in [Mosler 2005b]. In this work, the L2-orthogonality condition is re-written such

that it is formally identical to the necessary condition for yielding known from standard

plasticity theories. For higher order elements, this equation is formulated in terms of an

average stress tensor. It can be shown that the resulting finite element formulation is fully

equivalent to the one used in most SDAs, e. g. [Simo & Oliver 1994; Oliver 1996;

Armero & Garikipati 1996; Larrson & Runesson 1996; Armero 1999; Wells

& Sluys 2001c; Jirásek & Zimmermann 2001]. However, the numerical implemen-

tation differs. Analogous to the previous works [Borja 2000; Mosler & Meschke

2000; Mosler & Meschke 2001], subroutines developed for classical plasticity theory

(continuous deformation) are applied to the integration of the internal variables. More

precisely, a return-mapping algorithm is adopted. In summary, the SDA as suggested in

[Mosler 2005b] combines the advantages of the finite element models [Borja 2000;

Mosler & Meschke 2000; Mosler 2002; Mosler & Meschke 2004] by leaving

the original model itself (see [Simo & Oliver 1994; Oliver 1996]) unaffected. As a

consequence, it is possible to enforce crack path continuity.

It is well known that geometrical nonlinearities affect considerably the process of strain

localization. More precisely, finite deformation effects do not only influence the time of

bifurcation of a homogeneously distributed strain field into a highly localized one, but

also the corresponding failure mode, cf. [Steinmann, Larsson & Runesson 1997].

Additionally, in many engineering applications, the response of the considered structure

depends crucially on geometrical nonlinearities such as buckling. For instance, energy ab-

sorption in composite materials cannot be modeled adequately with linearized kinematics,

cf. [Jansson 2002]. Thus, neglecting finite deformation effects can lead to an overesti-

mation of the ultimate load of the structural component analyzed. For this reason, the

extension of the linearized kinematics of the SDA to finite strains was given by [Armero

& Garikipati 1996; Garikipati 1996]. In these references, the authors proposed a

Schmid-type traction-separation law connecting the relative shear sliding displacement

to the tangential component of the traction vector acting at the surface of strong dis-

continuities. The finite element model presented in the cited works was restricted to the

two-dimensional case and based on a solution strategy almost identical to the one used

for the geometrically linearized theory. More precisely, the standard implementation of

the EAS concept was adopted, cf. [Simo & Armero 1992; Simo, Armero & Taylor

1993]. In contrast to [Armero & Garikipati 1996; Garikipati 1996], some authors

approximate the displacement discontinuity by means of a ramp function. This leads

to regularized strong discontinuities, cf. [Larsson, Steinmann & Runesson 1998;

Steinmann & Betsch 2000; Larsson & Jansson 2002; Oliver, Huespe, Pulido

& Samaniego 2003]. Since in this case, the deformation gradient is still bounded (in the
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sense of the operator norm), standard continuum models can be applied. However, this

approximation will not be considered throughout the rest of the present thesis. The ideas

presented by [Armero & Garikipati 1996; Garikipati 1996] were further elaborated

in [Armero 1999] in which the authors proposed a framework to embed a localized dissi-

pative mechanism, i. e., a traction-separation law, into a large-scale problem (continuous

deformation). By assuming the postulate of maximum dissipation, Armero derived the

evolution laws of the model. Restricting to linearized kinematics, a similar concept has

been presented in [Miehe & Schröder 1994; Ohlsson & Olofsson 1997]. This

concept is very appealing, since it allows the development of cohesive laws which are

completely decoupled from the bulk material. For instance, [Borja 2002] argues that

the constitutive response associated with the continuous deformation would not be nec-

essarily identical to that of the post-localization regime. His argumentation is based on

the constitutive response of rocks.

The implementations of the geometrically exact SDA-based finite element formulations,

which have been cited so far, are almost identical to those of the EAS concept. That

is, the degrees of freedom characterizing the continuous, i. e., conforming, displacement

field and those associated with the displacement jump are computed simultaneously from

the weak form of equilibrium and the L2-orthogonality condition, cf. [Armero & Ga-

rikipati 1996; Armero 1999; Larsson, Steinmann & Runesson 1998; Stein-

mann & Betsch 2000; Larsson & Jansson 2002; Oliver, Huespe, Pulido &

Samaniego 2003; Gasser & Holzapfel 2003; Callari & Armero 2004]. The

resulting stiffness matrix is computed by applying the static condensation technique. As

an alternative, [Borja 2002] proposed a SDA completely avoiding this technique. His

model is a continuation of the ideas previously advocated for infinitesimal deformations,

cf. [Borja 2000; Mosler & Meschke 2000; Mosler & Meschke 2001]. In con-

trast to [Armero & Garikipati 1996; Armero 1999; Larsson, Steinmann &

Runesson 1998; Steinmann & Betsch 2000; Larsson & Jansson 2002; Oliver,

Huespe, Pulido & Samaniego 2003; Gasser & Holzapfel 2003; Callari &

Armero 2004], Borja followed the implementations in [Borja 2000; Mosler &

Meschke 2000; Mosler & Meschke 2001] and eliminated the additional degrees of

freedom corresponding to the displacement jump on the material point level. The rate of

the amplitude of the displacement jump was interpreted as a plastic multiplier. As men-

tioned earlier, this strategy shows the advantages that analogies with standard continuum

theories can be observed leading to a better understanding of the model and standard

integration algorithms such as the return-mapping algorithm can be applied.

Unfortunately, the numerical implementation in [Borja 2002] has several limitations

and has to be understood rather more as a prototype. It has been designed specifically

for constant strain triangle elements and for the modeling of slip bands. The extensions

necessary for higher order elements, three-dimensional problems or more complex traction-

separation laws have not been discussed. However, they are crucial whenever engineering
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problems are to be analyzed numerically in a realistic manner. To the best knowledge

of the author, with the exception of the work [Gasser & Holzapfel 2003] which is

based on a specific damage-type traction-separation law and the static condensation tech-

nique, only two-dimensional geometrically exact SDAs can be found in the literature, cf.

[Armero & Garikipati 1996; Armero 1999; Larsson, Steinmann & Runesson

1998; Steinmann & Betsch 2000; Larsson & Jansson 2002; Oliver, Huespe,

Pulido & Samaniego 2003; Callari & Armero 2004].

The ideas presented in [Mosler 2005b] were generalized to a geometrically exact the-

ory in [Mosler 2005a]. In this paper, a novel numerical implementation of locally

embedded strong discontinuities is suggested. In line with [Borja 2000; Mosler &

Meschke 2000; Mosler & Meschke 2001; Borja 2002], the displacement jump

is condensed out at the material point level. However, in contrast to [Borja 2002], no

specific assumption concerning the traction-separation law and the evolution equations of

the displacement jump is made, i. e., this novel numerical framework holds for a broad

range of different, fully three-dimensional, constitutive interface models. In contrast to

previous works on the SDA accounting for finite strains, the finite element formulation

in [Mosler 2005a] is based on a return-mapping algorithm similar to that of standard

plasticity theory. The conforming part of deformation and the part resulting from the

displacement discontinuity are computed according to a predictor-corrector step proce-

dure, cf. [Simo 1998; Simo & Hughes 1998]. As a consequence, subroutines designed

for classical (continuous displacement field) continuum models can be applied with only

minor modifications necessary.

Although the X-FEM as well as the SDA allow for the modeling of material surfaces

such as cracks crossing arbitrarily finite elements, the numerical results are, in general,

not completely mesh independent. The reason for this is twofold. First, all criteria

necessary for predicting the growth direction of the internal surface depend significantly

on the quality of the numerical solution of the homogeneous deformation. For instance,

if crack growth is modeled by the Rankine criterion (the crack propagates orthogonal

to the direction of the maximum principle stress), the direction of a new crack segment

depends apparently on the stress field. As a consequence, even SDAs or X-FEMs have

to be coupled with adaptive finite element methods. Otherwise, a sufficient quality of

the stress field cannot be guaranteed. Second, the way of computing the topology of the

internal surface is far from being understood. Usually strain-based (see [Geers, Peijs &

Brekelmans 1996; Simone, Wells & Sluys 2003]), stress-based (see [Erdogan &

Sih 1963; Moës, Dolbow & Belytschko 1999; Wells & Sluys 2001b; Jirásek

& Zimmermann 2001]), energy-based (see [Nuismer 1975; Sih 1974]), or criteria

based on material bifurcation such as [Simo, Oliver & Armero 1993; Simo & Oliver

1994; Oliver & Simo 1994] are applied. Often these are used in a slightly different

form. More specifically, they are computed by means of non-local stress or strain fields, cf.

[Simone, Wells & Sluys 2003; Feist & Hofstetter 2005; Gasser & Holzapfel
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2006]. However, according to [Simone, Askes & Sluys 2004], those modifications lead,

in many cases, to non-physical results.

Obviously, the criterion best suited for the prediction of the growth direction of the

internal surface depends on the underlying physical problem. For instance, the principle

of energy-minimization, or dissipation-maximization cannot be applied to non-associative

plasticity theories, since they do not obey such a variational structure. However, even if

a reasonable criterion has been chosen, the computation of the resulting topology of the

internal surface is not straightforward. Most of the approaches which can be found in

the literature are based on geometrical smoothing techniques [Oliver 1996; Gasser &

Holzapfel 2005; Gasser & Holzapfel 2006] rather than on physical considerations.

In any case, a new segment is connected with a previously existing one [Oliver, Huespe,

Samaniego & Chaves 2002; Feist & Hofstetter 2005; Dumstorff & Meschke

2005]. Those approaches work reasonably well if the internal surfaces do not cross each

other, i. e., if the mapping between a new segment and its parent is unique. Unfortunately,

many physical problems such as crack branching and intersecting cracks do not fulfill this

condition. As mentioned before, interface elements do not show this problem. They can

be applied to the analysis of complex crack patterns. However, since the results depend

on the finite element discretization (cracks are allowed to propagate only between existing

finite elements), they have to be coupled with adaptive strategies. In summary, the SDA

or the X-FEM as well as interface elements have to be combined with adaptive methods.

These concepts are needed in order to guarantee a sufficiently accurate computation of

the growth direction of the internal surface and, if interface elements are used, to enrich

the space of potential crack paths.

Nowadays, the mathematical theory of error estimates is relatively well understood and

established in the case of linearized elasticity theory, cf. [Verfürth 1996; Verfürth

1999; Ainsworth & Oden 1997; Ainsworth & Oden 2000]. However, almost

all mathematically rigorously derived estimates are restricted to isotropic meshes. More

precisely, shape regularity of the finite elements is postulated a priori. Obviously, this

excludes anisotropic meshes. Since it is well known that for many applications such as

shock wave propagation and localized failure, discretizations with independent length

scales in different spatial directions are significantly more efficient than their isotropic

counterparts, this represents a serious restriction, cf. [Frey & Alauzet 2005; Li,

Shephard & Beall 2005]. Unfortunately, from a theoretical as well as from a practical

point of view, the anisotropic case is much more complicated and hence, it is much less

developed. For an overview, refer to [Apel 1999]. This is mainly related to interpolation

theory and local interpolation errors which are, in general, restricted to isotropic meshes.

In addition to the just mentioned problems, most physical phenomena require a nonlinear

description. In the case of cohesive element formulation presented in this work, those

nonlinearities result from both geometrical as well as physical effects. However, accord-

ing to [Verfürth 1996; Verfürth 1999], the extension of error estimates originally
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derived for linearized models to the nonlinear case is by no means straightforward. One

of the most serious problems associated with such a generalization is the dependence of a

certain factor involved in the estimate on the unknown solution. Consequently, this factor

cannot be computed a priori. Furthermore, for many problems, it is not even bounded.

A way to apply the well-known results of error estimates developed for linearized elasticity

to strongly nonlinear problems was advocated by [Radovitzky & Ortiz 1999] (see also

[Radovitzky 1998; Molinari & Ortiz 2002]). In this work the authors assumed a

variational structure of the underlying physical problem. This property ensures the ex-

istence of a symmetric Dirichlet form. As a result, the nonlinear problem decomposes

locally (in time) into linear subproblems fully identical to those of linearized elasticity

theory. By virtue of this observation, an efficient a posteriori error estimate resulting in

an adaptive finite element method was derived. The adaptive strategy as proposed in

[Radovitzky & Ortiz 1999] is based on the assumption that the physical problem is

driven by a variational structure. Although such a structure is not required by a physical

law, it serves as a good approximation for many phenomena. For instance, the stable

configurations of a hyperelastic body obey the principle of minimum potential energy.

Even for a large class of dissipative materials a pseudo potential can be derived, cf. [Or-

tiz & Stainier 1999], cf. [Comi & Perego 1995]. More precisely, for all standard

dissipative media (SDM) in the sense of [Halphen & Nguyen 1975] (see also [Mandel

1972; German, Nguyen & Suquet 1983; Lemaitre 1985; Hackl 1997]) which

obey the principle of maximum dissipation such a variational structure exists. The ex-

tension to fully thermomechanically coupled problems was given in [Yang, Stainier &

Ortiz 2005]. The advantages resulting from those principles are twofold. First, they

open up the possibility of analyzing the existence of a solution by using, by now classical,

techniques known from hyperelasticity, cf. [Ball 1978] (see also [Ortiz & Repetto

1999; Carstensen, Hackl & Mielke 2002; Miehe & Lambrecht 2003]). Fur-

thermore, other promising mathematical theories such as Γ-convergence can be applied

as well, see [Dal Maso 1983; Braides 2002]. This theory of convergence is very pow-

erful for analyzing the asymptotical behavior of numerical methods. For an investigation

of the convergence of variational smeared crack approaches, cf. [Negri 2005a]. Sec-

ond, and perhaps equally importantly, minimization principles provide a suitable basis

for a posteriori error estimation and, consequently, for adaptive finite element methods.

For example, if the potential to be minimized is denoted as I(ϕ), and two different ad-

missible candidates ϕ(1) and ϕ(2) with I(ϕ(1)) < I(ϕ(2)) are considered, then I(ϕ(1)) is

closer to the exact minimum and hence, ϕ(1) is regarded as a better solution than ϕ(2),

cf. [Thoutireddy 2003; Thoutireddy & Ortiz 2004]. Based on this optimality

criterion, different variational finite element mesh adaptions can be developed.

The concept of using the underlying variational principle to optimize the discretization

enjoys a long tradition dating back, at least, to [McNeice & Marcal 1973; Felippa

1976], in the special context of two-dimensional linearized elasticity. In these approaches,
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also referred to as variational r-adaptions, the deformation and the optimal finite ele-

ment discretization follow jointly from energy minimization. In contrast to the publi-

cations cited previously, the connection between mesh optimization and configurational

or energetic forces [Eshelby 1951; Eshelby 1975] has only been recognized recently

[Braun 1997; Mueller & Maugin 2002; Thoutireddy 2003; Thoutireddy &

Ortiz 2004; Kuhl, Askes & Steinmann 2004; Askes, Kuhl & Steinmann 2004].

[Braun 1997] computed the forces associated with a variation of the nodal positions in

the reference configuration in a finite element discretization and speculated on the possi-

bility of computing such positions so as to attain configurational equilibrium. However, a

full solution procedure was not proposed in that work. A variety of solution strategies have

recently been proposed based on a steepest gradient algorithm [Mueller & Maugin

2002]; conjugate gradients [Thoutireddy 2003; Thoutireddy & Ortiz 2004]; and

Newton’s method [Kuhl, Askes & Steinmann 2004; Askes, Kuhl & Steinmann

2004]. [Thoutireddy & Ortiz 2004] in addition to optimizing the positions of the

nodes in the interior and on the boundary, allowed for changes in the connectivity of the

mesh. In particular, the connectivity of the mesh was changed during the optimization of

the nodal positions so as to maintain a Delaunay triangulation at all times.

Despite the conceptual appeal of variational r-adaption, its robust numerical implementa-

tion is not without difficulty, cf. [Mosler & Ortiz 2005]. More precisely, the function to

be minimized is nonconvex and its Hessian is highly singular. For this reason, [Mosler

& Ortiz 2005] developed a solution strategy based on a viscous regularization of the con-

figurational forces, i. e., the system of forces conjugate to the location of the nodes in the

reference configuration. This method eliminates the just described problems by leaving

the physical problem itself unaffected. As noted in [Thoutireddy 2003; Thoutireddy

& Ortiz 2004], in addition to optimizing the geometry of the mesh, i. e., the location of

the nodes in the reference configuration, it is equally important to optimize the topology

or connectivity of the mesh. Indeed, keeping the connectivity of the mesh fixed introduces

strong topological or locking constraints which severely restrict the range of meshes that

can be attained and, consequently, the quality of the solution. However, the determination

of the energy-minimizing mesh connectivity for a fixed nodal set is a challenging discrete

optimization problem. In two-dimensions, an upper bound on the number of different

triangulation exists (cf. [Aichholzer, Hurtado & Noy 2004]) and, consequently, a

global minimum is guaranteed. However, the number of different triangulations increases

exponentially with the number of nodes [Aichholzer, Hurtado & Noy 2004], and

the global minimum cannot be computed in practice. Instead, [Mosler & Ortiz 2005]

proposed to modify the mesh topology by applying so-called Lawson flips (cf. [Lawson

1986; Joe 1989; Joe 1991]) based on an energy criterion. Specifically, a flip is accepted

if it lowers the energy of the solution. The algorithm terminates when all flips raise or

leave unchanged the energy of the solution.



14 Chapter 1: Introduction

In many cases, although variational r-adaption improves the numerically computed so-

lution significantly, the space of interpolations has to be enlarged further. This can be

achieved, for instance, by using h-adaptivity or p-adaptivity, cf. [Szabó & Babŭska

1991]. Since the final goal of the present work is the coupling of mesh adaption with

cohesive finite elements for the analysis of localized material failure, the function to be

approximated, i. e., the deformation mapping, is not very smooth. For this reason, atten-

tion is restricted to h-adaptive strategies.

A novel variational h-adaption was advocated in [Mosler & Ortiz 2006]. In line

with [Mosler & Ortiz 2005], it is based on the assumed underlying minimization

principle governing the physical problem. As a prototype, it has been applied to standard

dissipative media. For refinement, an edge-bisection algorithm is adopted. Contrary to

most previous numerical models, the energy represents the only refinement criterion in

the presented algorithm. As a consequence, anisotropic meshes may evolve if they are

energetically favorable. It is demonstrated that those meshes are superior compared to

their isotropic counterparts. Unfortunately, if the elements are almost degenerate, the

conditioning of the resulting stiffness matrix is relatively poor thereby resulting in a

larger number of iteration cycles if indirect solvers are used. However, the energy-based

h-adaption can be coupled with a criterion guaranteeing a small aspect ratio of the finite

elements. In [Mosler & Ortiz 2006], a longest edge-bisection algorithm is employed,

cf. [Bänsch 1991b; Rivara 1991].

The coupling of mesh adaption with cohesive finite elements represents one of the on-

going research subjects. First ideas can be found in [Negri 2005b; Mosler, Ortiz

& Pandolfi 2006]. These works are in line with [Francfort & Marigo 1998;

Bourdin, Francfort & Marigo 2000; Dal Maso & Zanini 2005]. The models

in [Negri 2005b; Mosler, Ortiz & Pandolfi 2006] are based on the assumption

that crack growth is governed by a minimization principle. Roughly speaking, the idea

is that the deformation mapping as well as the topology of the crack are computed from

the same minimization principle simultaneously.

1.3 Structure of the present work

The present work is divided into two main parts. In Chapter 2, a short state of the art

review concerning the modeling of dissipative materials is given. As a prototype, finite

strain plasticity theory is considered. However, the modifications necessary for damage-

induced stiffness degradation are briefly discussed as well. The main focus of this chapter is

on standard dissipative media. For such constitutive models, the state variables, together

with the deformation mapping, follow from a variational principle. More precisely, the

respective finite element formulation takes the form of a minimum principle. This is a very

significant aspect of the resulting approach, since it opens up the possibility of applying
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standard optimization algorithms to the numerical implementation. Additionally, and

even more importantly, a minimization principle provides a suitable foundation required

for error estimation and mesh adaption. The chapter closes with a canonical extension

of standard dissipative media to fully thermomechanical coupled problems governed by a

minimization principle.

The first main part of the present thesis is addressed in Chapter 3. It is concerned with a

new class of cohesive elements suitable for the analyses of material failure such as cracking

in brittle structures, the formation of slip bands in soils or the development of Lüders

bands. From a macroscopic point of view, those phenomena are characterized by a discon-

tinuity in the deformation mapping, since the width of the part of the structure showing

localized strains is several dimensions smaller than the diameter of the system considered.

For this reason, the new numerical model is based on the kinematics induced by strong

discontinuities (jumps in the deformation mapping). Instead of classical stress-strain re-

lationships, the dissipation is reflected by a cohesive law connecting the displacement

jump with the traction vector. The advocated framework is relatively universal. It can

be applied to a broad range of different cohesive interface laws and to any type of finite

elements. In contrast to previously published models on cohesive approaches, the analogy

between the novel numerical model and standard (continuous deformation mapping) finite

element formulations is highlighted.

As already pointed out in the first section of this chapter, the results obtained by cohesive

elements can only be accurate, if the diameter of the finite elements is sufficiently small.

This condition can be achieved by applying either an expensive uniform refinement or

by using a computationally efficient adaptive approach. For this reason, a class of novel

adaptive finite element formulation is presented in the second main part of this thesis

consisting of Chapters 4 – 6. Assuming the underlying physical problem is driven by an

energy minimization principle such as that of standard dissipative media, three different

mesh adaptions are advocated. The first of those represents a Variational Arbitrary

Lagrangian-Eulerian (VALE) formulation. It is described in Chapter 4. In contrast to

classical Newtonian mechanics, this method seeks to minimize the energy function not

only with respect to the finite element mesh over the deformed configuration of the body,

but also over the undeformed triangulation. Since the corresponding space of interpolation

functions is a superset of that associated with the classical Newtonian approach, the

predicted minimum is always closer to the analytical solution. Consequently, this method

leads to an improvement of the numerically obtained results. If the mentioned VALE finite

element formulation is applied and the connectivities of the elements are kept constant,

strong topological constraints may evolve which severely restrict the range of meshes that

can be attained and, consequently, the quality of the solution. Thus, it is important to

improve the topology (connectivity) of the considered triangulation as well. In Chapter 5,

an energy-driven re-triangulation is proposed. Based on local mesh transformations, the

resulting discretization shows always a lower energy than the initial mesh. Hence, an
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improvement of the solution is guaranteed a priori. In many cases, keeping the number

of degrees of freedom as constant is not sufficient for getting accurate results. As a

consequence, Chapter 6 deals with a method enriching further the space of admissible

solutions. More specifically, a novel variational h-adaption is suggested. Assuming an

underlying physical minimization principle, the interpolation space is locally enlarged.

Only if the resulting new triangulation improves the solution significantly, it is stored.

Otherwise, the old discretization is used.

The present work closes with a summary and with some first ideas concerning the coupling

of variational mesh adaptions with cohesive finite element formulations. Those ideas seem

to be well-suited and very powerful for the numerical analyses of complex engineering

problems showing localized material failure. As a prototype, cracking in brittle structures

is considered.



Chapter 2

Constitutive modeling at finite

strains

This chapter is concerned with a short state of the art review on the modeling of dissipative

materials. Following standard restrictions of continuum mechanics, the deformation map-

ping is assumed to be sufficiently smooth. Weak or strong discontinuities are excluded.

As a prototype dissipative material, a class of finite strain plasticity theories is discussed.

However, the modifications necessary for damage-induced stiffness degradation are briefly

presented as well. Special attention is turned on the variational structure of plasticity

models governed by the postulate of maximum dissipation. This structure allows to for-

mulate the constitutive update as a minimization problem. It represents the essential

ingredient for the adaptive finite element formulations as described in Chapters 4 – 6.

The present chapter closes with a canonical extension of variational constitutive updates

for fully thermomechanically coupled general dissipative solids.

This chapter represents neither an introduction to continuum mechanics, nor to consti-

tutive modeling. It only provides the fundamentals required for the following chapters.

For further details on continuum mechanics, the interested reader is referred to the ex-

cellent works [Truesdell & Toupin 1960; Truesdell & Noll 1965; Marsden &

Hughes 1994; Antman 1995; Stein & Barthold 1995; Ogden 1997; Chadwick

2000; Haupt 2000; Ortiz 2003] and the references cites therein. In the case of model-

ing dissipative materials, the monographs [Truesdell & Noll 1965; Krawietz 1986;

Krajcinovic 1996; Lubliner 1997; Simo & Hughes 1998; Haupt 2000; Ortiz

2002; Nemat-Nasser 2004; Bertram 2005; Xiao, Bruhns & Meyers 2006] are

comprehensive surveys.

17
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2.1 Kinematics

In what follows, a domain Ω ⊂ R3, that is, an open, bounded and connected set, is

considered. It is assumed that this domain represents the reference configuration of a

body. The material points P ∈ Ω are identified by their position vectors X(P ) relative

to a cartesian coordinate system with center O. Curvilinear coordinates will only be used

when necessary. The body deforms under the action of applied body forces and tractions

and prescribed displacements. The resulting deformation is described by the mapping

ϕ : Ω → R3, which is sufficiently smooth, injective except possibly on the boundary

and maps the position X ∈ Ω of material particles in the reference configuration to

their position x ∈ ϕ(Ω) in the deformed configuration (cf. [Ciarlet 1988]). With

these assumptions, the local deformation is well defined and can be characterized by the

deformation gradient

F := GRADϕ, with GRAD(•) :=
∂(•)
∂X

=: ∇X(•). (2.1)

Since ϕ|Ω is injective, ϕ−1|Ω exists and by the inverse function theorem det F 6= 0 ∀X ∈ Ω.

Taking into account that ϕ = id for an undeformed body, det id > 0, together with the

sufficient smoothness of ϕ, the local invertibility condition

det F > 0 ∀X ∈ Ω (2.2)

follows. Evidently, the global invertibility condition cannot be derived based on Eq. (2.2).

Eq. (2.2) is only a necessary condition.

Since F ∈ GL+(3) with GL+(n) denoting the general linear group of dimension n showing

a positive determinant, a right and a left polar decomposition exist, i. e.,

∀F ∈ GL(n)+ ∃R,U ∈ GL(n) : F = R ·U
∀F ∈ GL(n)+ ∃R,V ∈ GL(n) : F = V ·R. (2.3)

Here and henceforth, the dot (·) represents the simple contraction (Fij = Rik Ukj). In

Eq. (2.3), R is a proper orthogonal tensor (R ∈ SO(3)) and U as well as V are symmetric

and positive definite. Consequently, the spectral decomposition theorem can be applied

to U and V leading to

U =
3∑

i=1

λ2
i N i⊗N i N i·N j= δij

V =
3∑

i=1

λ2
i ni⊗ni ni ·nj = δij

(2.4)

where λ2
i are the eigenvalues (λi > 0) and N i and ni are the eigenvectors of U and V ,

respectively. Based on this decomposition, a family of strain measures can be introduced.
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According to [Hill 1968; Hill 1978], each Hill strain is defined by

A(U )=
3∑

i=1

f(λ2
i ) N i⊗N i

a(V ) =
3∑

i=1

f(λ2
i ) ni⊗ni

(2.5)

with f representing a scale function which is monotonically increasing and smooth and

required to meet the normalizing condition f(1) = f
′
(1) − 1 = 0. For instance, setting

f(λ2
i ) = 1/2(λ2

i − 1), A equals the Green-Lagrange strain tensor.

2.2 Balance equations

This section summarizes briefly some of the balance equations of classical continuum

mechanics which are used in the following chapters. A complete description will not be

given here.

According to Section 2.1, the present thesis is exclusively concerned with Boltzmann

continua. Additional rotational degrees of freedom are not considered. Furthermore,

all problems discussed in this work fall into the range of simple bodies in the sense of

[Coleman 1964; Truesdell & Noll 1965; Noll 1972]. It is well known that those

assumptions impose some restrictions on the balance equations. The last assumption

affecting the balance equations is that the systems under investigation are closed. As a

result, the principle of conservation of mass is adopted.

2.2.1 Conservation of linear momentum

In what follows, ρ0, B and T represent the referential mass density per unit undeformed

configuration Ω, the referential material body-force per unit mass and the material trac-

tion per unit undeformed area, respectively. With respect to the deformed configuration

ϕ(Ω) those variables are denoted as ρ, b and t. With these definitions, the resulting forces

acting on a subset E ⊂ Ω, are computed as

K =

∫
E

ρ0 B dV +

∫
∂E

T dA. (2.6)

Clearly, by using ρ, b and t, Eq. (2.6) can be re-formulated in terms of variables defined

on ϕ(Ω).

The balance law of conservation of linear momentum states that the rate of the linear

momentum

L =
d

dt

∫
E

ρ0 ϕ dV =

∫
E

ρ0 ϕ̇ dV (2.7)
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equals the forces K. In Eq. (2.7), the superposed dot represents the time derivative, i. e.,

ϕ̇ = dϕ/dt, with t being the time. For spatial fields, the superposed dot denotes the

material time derivative, cf. [Truesdell & Noll 1965]. Applying the conservation law

of mass for closed systems, i. e., ρ̇0 = 0, the identity∫
E

ρ0 ϕ̈ dV =

∫
E

ρ0 B dV +

∫
∂E

T dA (2.8)

is obtained. This global- or integral-type of the balance law can be re-written into an

equivalent local or differential form by using Cauchy’s theorem, together with the di-

vergence theorem and assuming sufficiently smooth solutions. The resulting equation

yields

DIVP + ρ0 B = ρ0 ϕ̈ ∀X ∈ Ω. (2.9)

Here and henceforth, P denotes the first Piola-Kirchhoff stress tensor and DIV(•) is

the divergence operator with respect to X. Obviously, a corresponding equation formu-

lated with respect to the deformed configuration can be derived similarly. According to

Eq. (2.9), conservation of energy can be regarded as the extension of Newton’s axiom

for discrete particles to continua.

Remark 2.2.1.1 Conservation of angular momentum is not considered in the present

section. It requires the Cauchy stresses, or equivalently, the second Piola-Kirchhoff

stresses to be symmetric. However, by using appropriate material models, this symmetry

is fulfilled a priori as shown in the following sections.

2.2.2 Conservation of energy

The total energy of a body can be decomposed into four parts. The first of those is

represented by the kinetic energy

K(E) =
1

2

∫
E

ρ0 ||ϕ̇||22 dV (2.10)

being an extensive set function. Clearly, || • ||2 is the Euclidian norm. The second part

contributing to change of the total energy is associated with heat. It shows the form

◦
Q (E) =

∫
E

ρ0 R dV −
∫
∂E

H ·N dA. (2.11)

Here, R denotes the material heat-source density and H ·N depending on the normal

vector N of the hyperplane ∂E is the outward material heat flux. It should be emphasized

that the variable
◦
Q has to be understood as defined by Eq. (2.11). It is not necessarily
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the time derivative of a function Q, cf. [Stein & Barthold 1995]. Finally, the power

expended by the forces applied to the subbody E can be computed as

Pext =

∫
E

ρ0 B · ϕ̇ dV +

∫
∂E

T · ϕ̇ dA. (2.12)

With this notation, together with the introduction of the rate of the internal energy
◦
Eint,

conservation of energy reads
◦
Eint +K̇ = Pext+

◦
Q . (2.13)

As a consequence, the sum of the rate of the internal energy and the rate of the kinetic

energy must be equal to the power expended by the forces T and B and additional

terms related to heat. Analogously to Eq. (2.11),
◦
Eint has to be understood as defined

by Eq. (2.13). However, according to observations made from experiments, the integral

of
◦
Eint over a time interval is almost independent of the respective path. For this reason,

the existence of a material internal energy density U per unit mass can be justified and

hence, its resulting energy yields

Eint(E) =

∫
E

ρ0 U dV. (2.14)

Thus, the rate of internal energy simplifies to the time derivative of Eq. (2.14), i. e.,

◦
Eint= Ėint. (2.15)

Inserting Eq. (2.15) into Eq. (2.13), using the divergence theorem, conservation of linear

momentum and assuming sufficiently smooth solutions, the balance law of energy results

in

ρ0 U̇ = P : Ḟ + ρ0 R−DIVH ∀X ∈ Ω. (2.16)

As in the previous section, this equation can be re-written into an equivalent spatial form.

2.2.3 The second law of thermodynamics / Balance of entropy

In contrast to the conservation laws presented in the previous subsection, the balance

of entropy represents only a conservation law, if reversible processes are considered. In

general, the balance of entropy defines the direction of a thermodynamical process. It

should be noted that different versions of this law can be found in the literature, cf.

[Hutter 1977]. In the present work, the second law is formulated according to rational

mechanics, see [Coleman & Gurtin 1967; Truesdell & Noll 1965].

Introducing the entropy S of a subbody E ⊂ Ω

S(E) =

∫
E

ρ0 N dV (2.17)
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by the referential entropy densityN per unit mass, together with the absolute temperature

θ, the second law of thermodynamics reads

d

dt

∫
E

ρ0 N dV ≥
∫
E

ρ0 R

θ
dV −

∫
∂E

H ·N
θ

dA. (2.18)

It states that the rate of the entropy is never smaller than the one associated with external

entropy supply resulting from heat sources and fluxes, respectively. The entropy repre-

sents a measure for the amount of energy irreversibly transformed. For a more detailed

motivation of the second law, the reader is referred to [Coleman & Gurtin 1967] (see

also [Ortiz 2002] for a collection of illustrative examples).

Assuming sufficiently smooth solutions, Eq. (2.18) can be transformed into the equivalent

local counterpart

ρ0 Ṅ −
ρ0 R

θ
+ DIV

H

θ
≥ 0. (2.19)

This equation is the local statement of the Clausius-Duhem inequality in material form.

An alternative form can be derived by applying a Legendre-transformation of the type

ψ0(•, θ) = inf
N
{U(•, N)− θ N} . (2.20)

Here, ψ0 is the Helmholtz free energy. Using Eq. (2.20) and the law of energy conser-

vation, the Clausius-Duhem inequality reads

P : Ḟ − ρ0

(
θ̇ N + ψ̇0

)
− 1

θ
H ·GRADθ ≥ 0. (2.21)

It is obvious that generally, one cannot resolve Ineq. (2.21) into an internal dissipation

inequality P : Ḟ − ρ0 (θ̇ N + ψ̇0) ≥ 0 holding for GRADθ 6= 0 and a heat-conduction

inequality H · GRADθ ≥ 0 holding for a nonzero rate of the internal variables (see Sec-

tion 2.4), cf. [Coleman & Gurtin 1967]. However, according to [Simo 1998], such a

decomposition leading to the Clausius-Plank form of the second law of thermodynam-

ics

P : Ḟ − ρ0

(
θ̇ N + ψ̇0

)
≥ 0 (2.22)

is fulfilled for Fourier-type models of heat conduction.

2.3 Hyperelasticity

In this section, a short review on non-dissipative materials is given. More precisely,

special attention is restricted to standard (local) hyperelastic models. These models are

characterized by the existence of a potential whose time derivative equals the stress power.

In contrast to elastoplasticity, the concept of hyperelasticity is, nowadays, well accepted

and understood from a mechanical point of view. However, many mathematical questions
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such as existence of a solution and uniqueness are still unanswered, see [Ball 1978;

Ciarlet 1988]. Throughout the rest of this section thermal effects are neglected.

According to the definition of (local) elasticity (in the sense of Cauchy), the stress tensor

depends only on the deformation gradient, i. e., P = P (F ). Here and henceforth, the

dependence of the spatial position X on P is not explicitely highlighted.

Hyperelastic continua, also referred to as Green-elastic materials, are characterized by

the additional property that the work of deformation P : Ḟ is path independent. Conse-

quently, a potential Ψ exists, with

P =
∂Ψ(F )

∂F
and Ψ̇ = P : Ḟ . (2.23)

Inserting Eq. (2.23) into Ineq. (2.22) and considering a mechanical process without dissi-

pation, the identity

Ψ(F ) = ρ0 ψ0(F ) (2.24)

follows. As a result, a hyperelastic material is defined uniquely by its Helmholtz free

energy. By virtue of the principle of material frame indifference (see also covariance

requirement according to [Marsden & Hughes 1994]), it must be possible to express

ψ0 as a function of the right Cauchy-Green tensor C = F T · F . Thus,

P = 2 F · ∂Ψ(C)

∂C
= 2 ρ0 F · ∂ψ0(C)

∂C
. (2.25)

Often further restrictions on the form of the strain-energy density function follow from

material symmetry. Mathematically, a material is said to be symmetric with respect to the

symmetry group S ⊂ SO(3), if its response is not affected by a rotation of an infinitesimal

neighborhood with respect to the undeformed configuration. In mathematical terms,

Ψ(QT ·C ·Q) = Ψ(C) ∀Q ∈ S ⊂ SO(3). (2.26)

If S = SO(3), the material is referred to as isotropic. Clearly, in this case, the Helmholtz

free energy depends only on the eigenvalues λC
i of C, i. e.,

Ψ = Ψ(λC
1 , λ

C
2 , λ

C
3 ). (2.27)

It is obvious that instead of the eigenvalues λC
i , different invariants of C can be used as

well.

For more complex symmetry groups (S 6= SO(3)), the reader is referred to [Spencer &

Rivlin 1962; Spencer 1971] (see also [Betten 1993]). In the cited works, the authors

derived integrity bases based on structural tensors. Those bases fulfill the symmetry

condition (2.26). Clearly, for S = SO(3) the eigenvalues of C represent an admissible

set of integrity bases. In the case of more complex symmetry groups, the strain-energy

density has to be formulated in terms of the respective basis.
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Remark 2.3.0.1 The second Piola-Kirchhoff tensor S resulting from a hyperelastic

material law takes the form S = 2 ∂CΨ. Without loss of generality, this derivative can be

represented by a symmetric tensor, since C is symmetric. That is, the identity S = ST

is fulfilled a priori. As a consequence, conservation of angular momentum is guaranteed.

2.3.1 Examples

In the present work, three different hyperelastic models will be applied. Each of them is

isotropic. The respective strain-energy densities are:

• Hencky’s strain-energy function, cf. [Bruhns, Xiao & Meyers 2001]

Ψ =
1

2
λ [ε1 + ε2 + ε3]

2 + µ
[
(ε1)

2 + (ε2)
2 + (ε3)

2
]
, εi = log

√
λC

i (2.28)

• Neo-Hooke, version I, cf. [Simo & Pister 1984]

Ψ =
1

2
λ log2 J +

1

2
µ (trC − 3− 2 log J) , J = det F , trC = C : 1 (2.29)

• Neo-Hooke, version II, cf. [Ciarlet 1988]

Ψ = λ
J2 − 1

4
−
(
λ

2
+ µ

)
log J +

1

2
µ (trC − 3) (2.30)

In Eqs. (2.28)-(2.30), λ and µ represent the Lamé constants. It should be noted that

among the enumerated models only Ciarlet’s neo-Hookean function is polyconvex.

It can easily be seen that the strain-energy density defining Hencky’s model as well

as that of the first version of the neo-Hookean are not convex in J . Due to [Ball

1978] polyconvexity is very important from a mathematical point of view since it implies

quasiconvexity of ψ0 and hence, under a few further conditions, the lower semicontinuity

of the resulting potential of the system considered. This property is crucial for proving

the existence of solutions.

2.3.2 Principle of minimum potential energy

In this subsection, the Boundary Value Problem (BVP) of a hyperelastic body is re-

formulated as a minimization problem. In what follows, thermal as well as dynamical

effects are neglected. As a consequence, the resulting BVP reads

DIVP + ρ0 B = 0 ∀X ∈ Ω

ϕ = ϕ̄ ∀X ∈ ∂1Ω

P ·N = T̄ ∀X ∈ ∂2Ω

(2.31)
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where ∂1Ω is the displacement boundary; ∂2Ω = ∂Ω/∂1Ω is the traction boundary; ϕ̄ is

the prescribed value of the deformation mapping on ∂1Ω; and T̄ are the applied tractions.

Applying the principle of virtual work, together with a Bubnov-Galerkin method, the

solution of the BVP can be re-written as

Find ϕ ∈ V such that∫
Ω

P : GRADη dV =

∫
Ω

ρ0 B · η dV +

∫
∂2Ω

T̄ · η dA ∀η ∈ V. (2.32)

Clearly, ϕ has to comply with the boundary conditions and the test functions η must be

zero on ∂1Ω. If V is large enough, Eq. (2.32) implies the local form Eq. (2.31). It is well

known that if P derives from a potential according to Eq. (2.25), Eq. (2.32) represents

the stationarity condition of the equation

I(ϕ) =

∫
Ω

Ψ(GRADϕ) dV −
∫
Ω

ρ0 B ·ϕ dV +

∫
∂2Ω

T̄ ·ϕ dA. (2.33)

More precisely, ϕ can be computed from the minimization principle

inf
ϕ∈V

I(ϕ). (2.34)

The assumption that Problem (2.34) is the overriding principle (instead of just the station-

arity condition of I) originates from the presumption that the stable configurations are

energy minimizers. Furthermore, in the case of isotropic linearized elasticity, Eq. (2.32)

is, as well known, associated with a minimum.

Remark 2.3.2.1 From a mathematical point of view, a convex function Ψ(F ) would be

preferable, since it guarantees the existence of a unique minimizer (if a solution exists).

Unfortunately, as pointed out for instance in [Truesdell & Noll 1965; Ciarlet

1988] such an assumption would violate fundamental physical observations. For example,

a hydrostatic compression stress state could not be modeled.

2.4 Plasticity theory

In this section, a class of finite strain plasticity models is presented. In contrast to

elasticity, there exists a large number of different theories for plasticity accounting for

finite strains. According to [Xiao, Bruhns & Meyers 2006], the most frequently

applied ones can be subdivided into the following classes:

• Classical Eulerian rate formulations, cf. [Hill 1958; Lehmann 1960; Bruhns,

Xia & Meyers 2001]. Those models are based on the additive decomposition of
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the deformation rate d := (Ḟ ·F−1)sym into an elastic part de and a plastic part dp,

i. e.,

d = de + dp. (2.35)

• Additive decomposition of Lagrangian strains, cf. [Green & Naghdi 1965; Pa-

padopoulos & Li 1998; Miehe, Apel & Lambrecht 2002]. The fundamental

assumption of those approaches is the additive decomposition of a Lagrangian

strain measure A into elastic and plastic parts, i. e.,

A = Ae + Ap. (2.36)

• Multiplicative decomposition of the deformation gradient, cf. [Lee 1969; Simo &

Ortiz 1985]. The introduction of an unstressed configuration (locally) represents

the basic principle for the models advocated by Lee. In mathematical terms, this

postulate reads

F = F e · F p, with det F e > 0, det F p > 0. (2.37)

See also [Bertram 1999; Svendson 1998] for models based on material isomor-

phism. They are related to theories using multiplicative kinematics. For further

details, the reader is referred to [Itskov 2001; Xiao, Bruhns & Meyers 2006].

For a detailed overview and critical comments, refer to [Naghdi 1990; Nemat-Nasser

2004; Xiao, Bruhns & Meyers 2006]. It should be emphasized that in the case of

linearized kinematics, all three methods are completely equivalent.

Since one focus of the present work is on the implementation of the mechanical models

developed, computational issues are of great importance. For this reason, classical Eu-

lerian rate formulations are not considered. Although they are physically sound, they

require, in general, expensive numerical integration schemes, even if the solid unloads

purely elastically. Theories in the sense of [Green & Naghdi 1965] show the problem

that they are not well-motivated from a physical point of view, cf. [Xiao, Bruhns &

Meyers 2006]. Furthermore, they may result in a questionable material response, see

[Itskov 2004]. As a consequence, models based on the multiplicative decomposition of

the deformation gradient will be used throughout the rest of this work. However, it is

well-known that also those models are not completely unquestionable. One issue is the

not uniquely defined intermediate configuration introduced by the split (2.37).

It should be noted that the material models used in this work are either fully isotropic,

or the respective flow rule specifies F p completely. In the case of a fully isotropic re-

sponse, the intermediate configuration is not important, see [Simo & Hughes 1998].

More precisely, a rotation with respect to the intermediate configuration does not affect

any constitutive equation. On the other hand, if F p is determined completely by the con-

stitutive model such as for single-crystal plasticity (cf. [Asaro 1983]), the intermediate

configuration is defined uniquely, see [Simo 1998].
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2.4.1 Fundamentals

The fundamentals of finite strain plasticity theory based on a multiplicative decompo-

sition of the deformation gradient in the sense of [Lee 1969] are briefly discussed in

this subsection. Multisurface plasticity is not considered. For more details, the reader is

referred to [Lubliner 1997; Miehe 1993; Simo 1998; Simo & Hughes 1998]. In

line with the previous section, isothermal static conditions are assumed. Additionally,

for modeling a dissipative material response, a description with internal state variables is

used, cf. [Coleman & Gurtin 1967]. Within this framework, a stored energy density

of the type

Ψ = Ψ(F e,F p,α) (2.38)

is considered with α ∈ Rn being strain-like internal variables associated with hardening

or softening. More specifically, an energy functional Ψ of the type

Ψ = Ψ̄e(F e) + Ψp(α). (2.39)

is adopted. According to this equation, the elastic response modeled by Ψ̄e is assumed

to be completely independent of the internal processes reproduced by α. Clearly, by the

principle of material frame indifference, Ψ̄e(F e) = Ψe(Ce) where Ce := F eT · F e is the

elastic right Cauchy-Green tensor. The second term in Eq. (2.39), denoted as Ψp,

represents the stored energy due to plastic work. It is associated with isotropic/kinematic

hardening/softening. For more details about energy functionals of the type (2.39), refer

to [Lubliner 1972]. It should be noted that in most applications, a functional of the

type (2.39) is adopted.

Remark 2.4.1.1 In the case of damage-induced stiffness degradation, the material prop-

erties depend, apparently on the internal variables and hence, the assumption made before

is wrong. For those models Ψe = Ψe(Ce,α).

Using Eq. (2.37), the Clausius-Plank form (2.22) of the second law of thermodynamics

for isothermal processes

D = P : Ḟ − Ψ̇ = S :
1

2
Ċ − Ψ̇ ≥ 0 (2.40)

yields

D =

(
F p · S · F pT − 2

∂Ψ

∂Ce

)
:
1

2
Ċ

e
+ S :

(
F pT ·Ce · Ḟ p

)
+ Q · α̇ ≥ 0. (2.41)

In Eqs. (2.40) and (2.41), S := F−1 · P denotes the second Piola-Kirchhoff stress

tensor and Q := −∂αΨ is the stress-like internal variable work conjugate to α. According

to Eq. (2.41), the dissipation is decomposed additively into one part associated with the
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elastic strain rate and a second part corresponding to plastic deformation. Since both

parts are independent of one another, Ineq. (2.41) gives rise to

S = 2
∂Ψ

∂C
= 2 F p−1 · ∂Ψ

∂Ce · F
p−T

(2.42)

and the reduced dissipation inequality

D = Σ : Lp + Q · α̇ ≥ 0. (2.43)

Here and henceforth, Σ = 2 Ce · ∂CeΨ are the Mandel stresses (cf. [Mandel 1972])

and Lp = Ḟ
p · F p−1

denotes the plastic velocity gradient.

Following geometrically linearized plasticity theory, the elastic domain has to be defined.

For that purpose, the admissible stress space Eσ is introduced, cf. [Lubliner 1997].

Since according to Ineq. (2.43), the reduced dissipation inequality depends naturally on

the Mandel stresses, Eσ is formulated in terms of Σ, i. e.,

Eσ =
{
(Σ,Q) ∈ R9+n

∣∣ φ(Σ,Q) ≤ 0
}
. (2.44)

The boundary ∂Eσ represents a level set function measuring the elastic limit of the ma-

terial considered. That is, if (Σ,Q) ∈ intEσ, the solid deforms purely elastically. Only

if (Σ,Q) ∈ ∂Eσ, a plastic response is possible. Clearly, the yield function φ has to be

derived from experimental observation. Additionally, φ must be convex and sufficiently

smooth, cf. [Maugin 1992].

Remark 2.4.1.2 The Mandel stresses are defined by Σ = 2 Ce · ∂CeΨ. Consequently,

it is a mixed variant tensor operating on the intermediate configuration. More precisely, it

maps cotangent vectors into cotangent vectors belonging to the same space. That is, Σ can

be interpreted as an endomorphism and hence, its eigenvalues are well defined (compare

to [Hackl 1997]).

The constitutive model is completed by evolution equations for Lp and α and by load-

ing/unloading conditions. They can be derived from the postulate of maximum dissipa-

tion. More precisely,

max
(Σ̃,Q̃)∈Eσ

[
Σ̃ : Lp + Q̃ · α̇]

]
. (2.45)

This postulate leads to the evolution equations

Lp = λ ∂Σφ α̇ = λ ∂Qφ, (2.46)

together with the Karush-Kuhn-Tucker conditions

λ ≥ 0 φ λ ≥ 0. (2.47)

As a result, plastic deformations require (Σ,Q) ∈ ∂Eσ. The plastic multiplier λ is

obtained from the consistency condition

φ̇ = 0. (2.48)
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Evolution laws of the type (2.46) are characterized by the property that the rates of the

internal variables (together with Lp) are proportional to the gradient of the yield function.

Such laws are referred to as associated flow rules or normality rules. They follow, as

shown before, from the postulate of maximum dissipation. Although this postulate is

mathematically and physically very appealing, it cannot be applied to the modeling of

every material. That is, in contrast to the second law of thermodynamics, it is not a

physical law. Hence, a generalization of the evolution Eqs. (2.46) is sometimes necessary.

By analogy to Eq. (2.46), the generalized flow rules are postulated as

Lp = λ ∂Σg α̇ = λ ∂Qh. (2.49)

Here, the plastic potential g and the hardening potential h define the directions of the

rates of Lp and α, respectively. Setting g = h = φ, the associative case is recovered.

Remark 2.4.1.3 In the case of damage-induced stiffness degradation, similar evolution

equations can be derived. However, since the respective internal variables are contained in

Ψe, they results in a change of the elastic response, cf. [Simo & Ju 1989; Miehe 1993;

Oliver, Huespe, Pulido & Samaniego 2003].

Remark 2.4.1.4 According to Eq. (2.46), the flow rule is nine-dimensional, since the

yield function is formulated in terms of Mandel stresses. Some researchers believe that

this characteristic of the described model is not physically sound, cf. [Lubliner 1997],

page 460. Nevertheless, it should be noted that if an isotropic hyperelastic material model

is applied (which is the case in this work), the Mandel stresses are symmetric resulting

in a six-dimensional flow rule.

Remark 2.4.1.5 Introducing the characteristic function of Eσ

J(Σ,Q) :=

{
0 ∀(Σ,Q) ∈ Eσ

∞ otherwise,
(2.50)

flow rules derived from the principle of maximum dissipation can be re-written into the

form

(Lp, α̇) ∈ ∂J(Σ,Q) (2.51)

where ∂J is the sub-differential of J , i. e.,

∂J(Σ,Q) :=
{
(L̄

p
, ˙̄α) ∈ R9+n

∣∣ J(Σ + Σ̃,Q + Q̃) ≥
J(Σ,Q) + Σ̃ : L̄

p
+ Q̃ · ˙̄α, ∀(Σ̄, Q̄ ∈ R9+n

} (2.52)

For further details, the reader is referred to [Maugin 1992; Rockafellar 1970].

Remark 2.4.1.6 A broad class of different plasticity models governed by the normality

rule are defined by a yield function of the type

φ(Σ,Q) = Σeq(Σ,Q)− Σini
eq (2.53)
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where Σeq : R9×n → R is an equivalent stress measure and Σini
eq > 0 is associated with the

size of the elastic domain before plastic deformation occurs. Most of the yield functions

applied in practice are based on an equivalent stress measure being a convex and positively

homogeneous function of degree one, i. e.,

Σeq(c (Σ,Q)) = c Σeq(Σ,Q) ∀c ∈ R+ (2.54)

cf. [Simo 1998]. With this property, the dissipation can be re-written as

D = λ Σini
eq ≥ 0. (2.55)

Since λ ≥ 0 and Σini
eq > 0, the second law of thermodynamics is fulfilled a priori. It should

be noted that all yield functions used herein show the form (2.53) and (2.54).

2.4.2 Example: Single-crystal plasticity / single slip system

As an example, the yield function and the respective evolution equations of single-crystal

plasticity theory are briefly presented in this subsection. It will be shown that if cohesive

models are re-written according to the framework discussed in Chapter 3, they are formally

identical to plasticity theories for a single slip system. More details about crystal-plasticity

can be found in [Asaro 1983].

Since single-crystal plasticity (in the sense of Schmid’s law) is based on associative evo-

lution equations, the model is defined completely by the respective yield function φ.

Introducing a slip plane by its corresponding normal vector n̄ and the slip direction m̄,

φ is given by

φ(Σ, α) = |Σ : (m̄⊗ n̄) | −Q(α)− Σini
eq . (2.56)

Evidently, the vectors n̄ and m̄ are objects that belong to the intermediate configuration.

They are orthogonal to one another and time-independent, i. e.,

n̄ · m̄ = 0 ||n̄||2 = ||m̄||2 = 1. (2.57)

Isotropic hardening/softening is taken into account by the yield stress Q depending on

the strain-like internal variable α. Applying Eq. (2.46), the plastic velocity gradient

Lp = λ̃ (m̄⊗ n̄) , with λ̃ = λ sign [Σ : (m̄⊗ n̄)] (2.58)

is obtained.

Remark 2.4.2.1 Eq. (2.56) can be re-written as

φ = Σini
eq (Σ,Q)− Σini

eq (2.59)

Obviously, Σini
eq (Σ,Q) is convex and positively homogeneous of degree one. Hence, the

resulting dissipation is given by D = λ Σini
eq , cf. Remark 2.4.1.6.
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2.4.3 Numerical implementation

The numerical implementation of finite strain plasticity models such as those discussed

in the previous subsection can be found in [Simo & Hughes 1998; Simo 1998; Ortiz

2003]. For a more recent state of the art review, refer to [Schmidt-Baldassari &

Hackl 2006]. The two fundamental ingredients required for the numerical computation

of the problem defined in the previous subsection are:

• Integration of the evolution as defined by Eqs. (2.49)

• Operator split techniques allowing for decoupling the problem into fully elastic sub-

problems and plastic corrector steps.

A comprehensive overview on integration algorithms can be found in [Hairer & Wan-

ner 2000]. For operator split methods, the reader is referred to [Chorin, Hughes,

McCracken & Marsden 1978]. An interesting comparison between different schemes

is given in [Schmidt-Baldassari & Hackl 2006].

Herein, the backward-Euler integration is applied. More precisely, the by now classical

return-mapping algorithm is adopted, cf. [Simo & Hughes 1998]. That is, based on an

operator split method, the solution is computed first by assuming a fully elastic loading

step (the trial state). If the stresses corresponding to this solution do not belong to Eσ, a

plastic corrector step is performed. Within this step the evolution equations are integrated

by means of the backward-Euler scheme.

According to [Hairer & Wanner 2000], the backward-Euler scheme is first order

accurate. Clearly, more accurate methods are available, cf. [Schmidt-Baldassari &

Hackl 2006]. Nevertheless, as mentioned in [Simo 1998], if the long-term response is

more important, the backward-Euler integration is often more accurate than algorithms

showing a better short-term accuracy such as second order approaches. Furthermore, the

numerical implementation presented in this subsection will be applied to problems like

cracking. Consequently, the solution is not very smooth, in general.

In addition to the good long-term response of the backward-Euler scheme, the method

is unconditional stable. More precisely, it possesses the linearized stability properties:

L-stability (and hence, A-stability) and B-stability, cf. [Simo 1998]. Those properties

are needed in order to guarantee a bounded response of the integration algorithm.

In what follows, the numerical implementation of the class of material models described

in the previous subsection is addressed. More specifically, the return-mapping algorithm

is discussed.

Suppose the deformation gradient at time tn+1 is denoted as F n+1. Then, an elastic trial

state is defined by

F p
n+1 = F p

n, αn+1 = αn. (2.60)
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Evidently, this state is characterized by a purely elastic response. With those equations,

the elastic right Cauchy-Green tensor reads

Ce
n+1 = F p−T

n+1 ·Cn+1 · F p−1

n+1, with F p
n+1 = F p

n. (2.61)

Based on Eq. (2.61), the trial stresses Σn+1 and subsequently, the discrete loading condi-

tion

φ(Σn+1,αn) > 0 (2.62)

are computed. Clearly, if Ineq. (2.62) is not fulfilled, the loading state is fully elastic,

and consequently, the solution of the trial state is already the solution of the problem

considered.

On the other hand, if Ineq. (2.62) holds, a plastic corrector step is applied. For that pur-

pose, the evolution Eqs. (2.49) are integrated numerically by using an implicit backward-

Euler scheme leading to

F p
n+1 = F p

n + ∆λ ∂Σg
∣∣
Σn+1,Qn+1

· F p
n+1 αn+1 = αn + ∆λ ∂Qh

∣∣
Σn+1,Qn+1

(2.63)

with ∆λ = λ (tn+1 − tn). Here, it has been assumed that the internal variables are

scalar-valued, since, obviously, the integration depends on the tensorial character of the

evolution equation to be approximated, cf. [Pinsky, Ortiz & Pister 1983; Simo &

Hughes 1998].

It should be noted that a modified exponential integration scheme of the type

F p
n+1 = exp

(
∆λ ∂Σg

∣∣
Σn+1,Qn+1

)
· F p

n (2.64)

is often advantageous, see [Weber & Anand 1990; Eterovic & Bathe 1990; Cuiti

no & Ortiz 1992]. For instance, this technique guarantees that isochronic constraints

(det F p = 1) are preserved. For this reason, it will be used for the numerical implemen-

tation. For the computation of the derivatives of the exponential mapping necessary for

the algorithmic formulation, the reader is referred to [Ortiz, Radovitzky & Repetto

2001; Itskov 2003].

The approximation of the evolution equations transforms the set of algebraic differential

equations into the purely algebraic problem

Rn+1 =
[
RF p

n+1,R
α
n+1

]
= 0 ∧ φ(Σn+1,Qn+1) = 0 (2.65)

where the residuals are defined by

RF p

n+1 = −F p
n+1 + F p

n + ∆λ ∂Σg
∣∣
Σn+1,Qn+1

· F p
n+1

Rα
n+1 = −αn+1 + αn + ∆λ ∂Qh

∣∣
Σn+1,Qn+1

.
(2.66)

Evidently, in the case of the exponential mapping, the first residual reads

RF p

n+1 = −F p
n+1 + exp

(
∆λ ∂Σg

∣∣
Σn+1,Qn+1

)
· F p

n. (2.67)
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The solution of the nonlinear set of Eqs. (2.65) can be computed by means of different tech-

niques. Herein, a classical Newton-type scheme guaranteeing an asymptotic quadratic

convergence (for sufficiently smooth functions) is adopted. Linearizing this procedure at

the solution point gives the algorithmic tangent Cel
n+1, i. e.,

Cel
n+1 =

dP n+1

dF n+1

(2.68)

Further details are omitted. They can be found in [Simo & Hughes 1998; Simo 1998;

Ortiz 2002; Schmidt-Baldassari & Hackl 2006].

Remark 2.4.3.1 The nonlinear set of Eqs. (2.65) is a (9+dim α+1)-dimensional prob-

lem. However, in many cases, this dimension can be reduced significantly. For instance, if

the hyperelastic response as well as the plastic potential are isotropic tensor functions, the

tensors Ce, Σ and ∂Σg are coaxial. Consequently, if the exponential mapping according

to Eq. (2.67) is applied, Ce
0 and Ce

n+1 are coaxial with Ce
0 representing the trial elastic

right Cauchy-Green tensor. That is, all tensors involved in the algorithmic formula-

tion are coaxial and hence, the algorithm can be performed in principle axes, leading to a

(3 + dim α + 1)-dimensional problem, cf. [Simo 1992; Simo 1998].

Remark 2.4.3.2 If Hencky’s hyperelastic potential (2.28), together with an isotropic

yield function (and associative evolution equations) are applied, the multiplicative decom-

position of the deformation gradient results in an additive split of the Hencky strain

tensor. Since for Hencky’s potential the stresses depend linearly on the strain tensor, a

decomposition formally identical to the one known from classical small strain theory can

be derived. Hence, standard algorithms designed for the geometrically linear theory can be

used, see [Simo 1998; Ortiz 2002].

Remark 2.4.3.3 In the case of Hencky’s hyperelastic potential (2.28), together with the

von Mises yield function (and associative evolution equations), the set of equations (2.65)

reduces to a single scalar-valued equation depending only on the integrated plastic multi-

plier ∆λ, cf. [Simo 1992; Simo 1998]. Hence, the resulting numerical implementation

is very efficient. This particular model is adopted for the numerical examples contained

in Chapter 6.

2.5 Standard dissipative media

If the evolution equations obey the normality rule (see Eq. (2.46)), they can be derived

from a variational principle. More precisely, in this case, the solution of the algebraic

differential equation characterizing the material response follows from a minimization

principle. The advantages resulting from such a principle are manifold. On the one hand,

the existence of solutions can be analyzed by using the same tools originally designed for

hyperelastic material models, cf. [Ball 1978; Ortiz & Repetto 1999; Carstensen,
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Hackl & Mielke 2002]. On the other hand, a minimum principle can be taken as a

canonical basis for error estimation, cf. [Radovitzky & Ortiz 1999; Thoutireddy

& Ortiz 2004; Mosler & Ortiz 2005]. In addition, from an implementational point

of view, a minimization principle opens up the possibility to apply state of the art opti-

mization algorithms. Particularly for multisurface plasticity models such as single-crystal

plasticity this represents and interesting feature.

The concept of using the underlying variational principle for the constitutive update en-

joys a relatively long tradition dating back, at least, to [Comi, Corigliano & Maier

1991; Comi & Perego 1995]. In those works, the authors, derived a Hu-Washizu

functional whose minimum corresponds to the solution of the discretized algebraic differ-

ential equations defining the material model. In the respective numerical implementation,

the constitutive model was enforced in a weak sense. That is, the resulting finite element

formulation is different compared to the one usually applied in computational plasticity,

cf. [Simo & Hughes 1998; Simo 1998]. According to the previous section, most fre-

quently, the constitutive law is strongly enforced pointwise (usually at the integration

points).

Probably inspired by the works [Comi, Corigliano & Maier 1991; Comi & Perego

1995], Ortiz advocated a constitutive update based on a minimization principle as well,

cf. [Ortiz & Stainier 1999; Ortiz 2002]. Nevertheless, in contrast to the previous

works, the proposed algorithmic formulation coincides with the structure of standard finite

element codes. That is, the update is performed pointwise, i. e., at the integration points.

The ideas suggested by Ortiz are briefly discussed in this section. They represent the

fundamental ingredient for the adaptive finite element schemes presented in Chapters 4

– 6. Similar numerical procedure and further elaborations can be found, for instance, in

[Carstensen, Hackl & Mielke 2002]. For models based on linearized kinematics,

the reader is referred to [Miehe 2002].

2.5.1 Fundamentals

The goal of this section is the derivation of a potential of the type (2.33), from which the

unknown deformation mapping can be computed by minimization. Evidently, for path

dependent problems such as plasticity theory, this potential is defined pointwise (with

respect to the (pseudo) time). As in the previous sections, isothermal conditions are

assumed and dynamical effects are neglected.

Following [Ortiz & Stainier 1999; Ortiz 2002; Carstensen, Hackl & Mielke

2002], the functional

Ẽ(ϕ̇, Ḟ p
, α̇,Σ,Q) = Ψ̇(ϕ̇, Ḟ

p
, α̇) +D(Ḟ

p
, α̇,Σ,Q) + J(Σ,Q) (2.69)

is introduced. According to Eq. (2.69), for admissible stress states, i. e., (Σ,Q) ∈ Eσ, Ẽ
represents the sum of the rate of the free energy and the dissipation, cf. Remark 2.4.1.5.
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Clearly, if (Σ,Q) ∈ Eσ,

Ẽ(ϕ̇, Ḟ p
, α̇,Σ,Q) = P : Ḟ =: P , (2.70)

cf. Eq. (2.21). That is, Ẽ equals the deformation power denoted as P . Inadmissible stress

states are penalized by J =∞. The interesting properties of the functional (2.69) become

apparent, if the stationarity conditions are computed. A variation of Ẽ with respect to

(Σ,Q) leads to

(Lp, α̇) ∈ ∂J. (2.71)

The respective equation associated with α̇ reads

Q = −∂Ψ

∂α
. (2.72)

Finally, a variation with respect to Ḟ
p

yields

Σ = F eT · ∂Ψ

∂F e = 2 Ce · ∂Ψ

∂Ce . (2.73)

As a consequence, the stationarity condition of Ẽ results in the flow rule (2.71), the consti-

tutive relation for the internal stress-like variables (2.72) and the constitutive relation for

the Mandel stresses Σ. The remaining variation of Ẽ with respect to ϕ̇ will be discussed

in the next paragraph.

According to [Ortiz & Stainier 1999; Ortiz 2002; Carstensen, Hackl & Mielke

2002], it is possible to derive a reduced functional, denoted as E , which only depends on

the rate of the deformation and the strain-like internal variables α and F p. For that

purpose, E is re-written by applying the Legendre transformation

J∗(L̄
p
, ˙̄α) = sup

{
Σ : L̄

p
+ Q · ˙̄α

∣∣ (Σ,Q) ∈ Eσ

}
(2.74)

of J . Since J∗ is positively homogeneous of degree one, a maximization of Ẽ with respect

to (Σ,Q), results in

E(ϕ̇, Ḟ p
, α̇) = Ψ̇(ϕ̇, Ḟ

p
, α̇) + J∗(L̇

p
, α̇). (2.75)

Hence, the only remaining variables are ϕ̇, Ḟ
p

and α̇. Even more importantly, the strain-

like internal variables F p and α follow jointly from the minimization principle

◦
Ψred (ϕ̇) := inf

Ḟ
p
,α̇
E(ϕ̇, Ḟ p

, α̇) (2.76)

which, itself, gives rise to the introduction of the reduced functional
◦
Ψred depending only

on the deformation mapping. It is interesting to note that for hyperelastic continua,
◦
Ψred

equals the rate of the strain-energy density, i. e.,

◦
Ψred (ϕ̇) = Ψ̇(ϕ). (2.77)
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As a result, in this case,
◦
Ψred represents the time derivative of a potential. This identity

leads to the presumption that the time integration of Eq. (2.76) or Eq. (2.77) defines an

incremental functional, denoted as Iinc, which extends the principle of minimum potential

energy according to Subsection 2.3.2 to standard dissipative continua, i. e.,

Iinc(ϕ) = inf
F p,α

∫
Ω

tn+1∫
tn

E(ϕ̇, Ḟ p
, α̇) dt dV −

∫
Ω

ρ0 B ·ϕ dV −
∫

∂2Ω

T̄ ·ϕ dA

 (2.78)

and

ϕ = arg inf
ϕ
Iinc(ϕ). (2.79)

It should be pointed out that the minimization path of the internal variables according to

Problem (2.78) can only be computed analytically for selected, relatively simple examples,

cf. [Carstensen, Hackl & Mielke 2002].

Remark 2.5.1.1 The extension of the method described in this subsection necessary for

rate-sensitivity (for the inelastic deformations) as well as for viscous material models

is relatively straightforward, see [Ortiz & Stainier 1999; Ortiz 2002]. For further

details concerning the implementation of non-linear finite viscoelasticity, refer to [Fan-

cello, Ponthot & Stainier 2005].

2.5.2 Numerical implementation

As mentioned before, the analytical solution of the minimization path of the internal

variables required in Eq. (2.78) can only be computed for simple problems. For more

complex systems, the time integration is approximated by the following methods

Lp ∆t ≈
[
1− F p

n · F
p−1

n+1

]
, or Lp ∆t ≈ log

[
F p

n+1 · F p−1

n

]
(2.80)

and

α̇ ∆t ≈ [αn+1 −αn] . (2.81)

Here, ∆t = tn+1 − tn is the length of the time interval considered. The numerical

schemes (2.80) and (2.81) are equivalent to the time integrations (2.63) and (2.64). Ap-

plying these approximations, time integration of Eq. (2.75) leads to

tn+1∫
tn

E dt ≈ Ψ(ϕn+1,F
p
n+1,αn+1)−Ψ(ϕn,F

p
n,αn) + J∗(Lp ∆t,αn+1 −αn)

=: Ψϕ,F p,α(ϕn+1,F
p
n+1,αn+1)

(2.82)

where the assumption that J∗ is positively homogeneous of degree one was introduced

and ∆t > 0. Obviously, the functional Ψϕ,F p,α is not unique. It depends on the time
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integration applied, cf. [Ortiz & Stainier 1999; Ortiz 2002; Carstensen, Hackl

& Mielke 2002]. Since Eq. (2.82) represents an approximation (time discretization)

of Eq. (2.75), the strain-like internal variables are obtained by minimizing Ψϕ,F p,α with

respect to F p
n+1 and αn+1. That is,

(F p
n+1,αn+1) = arg inf

F p
n+1,αn+1

Ψϕ,F p,α(ϕn+1,F
p
n+1,αn+1). (2.83)

It is noteworthy that F p and α are defined pointwise. Consequently, the optimization

problem (2.83) is restricted to the integration points, if standard finite element formu-

lations are used. For the computation of the tuple (F p
n+1, αn+1) classical numerical

procedures such as Newton’s method can be applied. Inserting the solution (F p
n+1,

αn+1) into Ψϕ,F p,α gives rise to the definition of the reduced potential

Ψinc(ϕn+1) = inf
F p

n+1,αn+1

Ψϕ,F p,α(ϕn+1,F
p
n+1,αn+1). (2.84)

According to Eq. (2.84), Ψinc depends on the state variables at time tn and hence, it is

incremental in nature. If now the hyperelastic functional Ψ in Eq. (2.33) is replaced by

Ψinc(ϕn+1), I(ϕn+1) reads

I(ϕn+1) =

∫
Ω

Ψinc(ϕn+1) dV −
∫
Ω

ρ0 B ·ϕn+1 dV −
∫

∂2Ω

T̄ ·ϕn+1 dA. (2.85)

The interesting property of this function becomes apparent if the respective stationarity

condition is computed. It gives

DIVP + ρ0 B = 0, P ·N = T̄ , with P =
∂Ψinc

∂F n+1

. (2.86)

Consequently conservation of linear momentum, together with the Neumann boundary

conditions, are obtained by a variation of I with respect to ϕ. More precisely and fully

analogously to hyperelastic materials, the deformation mapping follows from the mini-

mization principle

ϕn+1 = arg inf
ϕn+1

I(ϕn+1) (2.87)

and the reduced functional Ψinc acts like a potential for the first Piola-Kirchhoff

stresses P . The only difference between hyperelastic continua and standard dissipative

solids is the specific form of Ψ and Ψinc. In summary, the strain-like internal variables

F p and α as well as the deformation mapping are governed by the variational formula-

tion (2.83) and (2.87), respectively. Further details about variational constitutive updates

can be found in [Comi, Corigliano & Maier 1991; Comi & Perego 1995; Or-

tiz & Stainier 1999; Ortiz 2002; Carstensen, Hackl & Mielke 2002; Miehe

2002].
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Remark 2.5.2.1 Clearly, the algorithmic tangent obtained by linearizing the variational

update described in this section is always symmetric. Consequently, the resulting stiffness

matrix is also symmetric leading to an increase in computational efficency.

Remark 2.5.2.2 It should be pointed out that in contrast to conventional plasticity theo-

ries, the variational formulation as advocated in [Ortiz & Stainier 1999] is not based

on the introduction of a yield function. Instead of that, the flow rule represents the prim-

itive postulate. The yield function depending on this rule follows from the variational

update. This procedure is sometimes advantageous, cf. [Ortiz & Pandolfi 2004].

2.5.3 Example: von Mises plasticity model

In this subsection, the previously discussed variational update is applied to von Mises

plasticity theory. The resulting numerical implementation is used in the examples in

Chapter 6. The particular model addressed in this subsection follows to a large extent

[Ortiz & Stainier 1999], see also [Ortiz 2002]. However, in contrast to the original

work, a yield function in terms of Mandel stresses is introduced a priori.

The space of admissible stresses corresponding to classical von Mises plasticity model

can be defined by the yield function

φ(Σ, Q) = ||dev[Σ]||2 − Σini
eq −Q(εp). (2.88)

Here, εp is the von Mises effective plastic strain, and dev[Σ] denotes the deviatoric part

of Σ. It should be noted that the entire model is isotropic and hence, the Mandel stress

tensor Σ is symmetric. Since φ is positively homogeneous of degree one (in Σ and Q), J∗

reads

J∗ = ε̇p Σini
eq (2.89)

(cf. Remark 2.4.1.6), if the plastic deformations are admissible, i. e.,

Ḟ
p · F p−1

= ε̇p M , with trM = 0, M = MT ,
2

3
M : M = 1, ε̇p ≥ 0. (2.90)

Otherwise, J∗ = ∞. Further details may be found in [Ortiz & Stainier 1999;

Alberty, Carstensen & Zarrabi 1999; Ortiz 2002; Carstensen, Hackl &

Mielke 2002]. Clearly, since Σ is symmetric, the plastic spin W p = skew[Ḟ
p · F p−1

]

(relative to the intermediate configuration) cannot be computed by Eq. (2.90)1. However,

as mentioned before, the reason for the symmetry of M is that the model proposed here

is fully isotropic. For such theories the orientation of the intermediate configuration is

irrelevant. More precisely, the plastic spin remains arbitrary. The model as described

has to be supplemented by an energy density. As a result of the different volumetric

and deviatoric material response associated with metals which are often modeled by von

Mises plasticity theory, an energy functional of the type

Ψ(Ce, εp) = Ψvol(Je) + µ ||ee||22 + Ψp(εp), Je = det F e (2.91)
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represents a reasonable choice. Here, ee denotes the deviatoric part of the Hencky strains

εe, i. e.,

ee := εe − 1

3
tr[εe] 1, εe :=

1

2
log Ce. (2.92)

Alternatively, by using the properties of the exponential mapping, ee can be re-written

as

ee :=
1

2
log Ce(dev) (2.93)

with Ce(dev) being the elastic right Cauchy-Green tensor corresponding to a volume

preserving deformation, i. e.,

Ce(dev) = F e(dev)T

· F e(dev), with F e(dev) = Je1/3

F e, det F e(dev) = 1, (2.94)

cf. [Simo & Taylor 1991]. With those identities, the elastic isochoric part of the energy

density (2.91) reads

µ ||ee||22 = µ
3∑

A=1

log2 λdev
A (2.95)

where λdev
A are the principal stretches associated with F e(dev). Clearly, by specifying the

elastic dilatant material response by setting

Ψvol(Je) =
1

2
κ log2 Je, κ = λ+

2

3
µ, (2.96)

Hencky’s model is obtained, cf. [Simo 1998], page 391. The interesting property of the

density (2.91) is that the resulting deviatoric stresses

dev[S̄] :=
∂Ψ

∂ee
= 2 µ ee (2.97)

governing inelastic deformations depend linearly on the strains ee, cf. [Cuiti no & Ortiz

1992; Ortiz 2002]. This fact leads, as it will be shown, to a numerical implementation

formally identical to that of standard small strain plasticity models.

If the exponential time integration scheme according to Eq. (2.64) is used, the computed

inelastic deformations are purely deviatoric, i. e., tr[M ] = 0 and det F p
n+1 = 1. Fur-

thermore, in the case of the model adopted, the direction of the plastic flow is constant

within the return-mapping algorithm. That is, M |n+1 = M = const. Considering those

identities, the deviatoric part of the stresses takes the form

dev[S̄]
∣∣
n+1

= 2 µ ee
n+1, with ee

n+1 = ee
tr −∆εp

n+1 M . (2.98)

Clearly, here ee
tr are the elastic trial strains. By inserting Eq. (2.98)2 into the energy

density, the incremental potential (2.82) simplifies to

Ψϕ,F p,εp = Ψϕ,F p,εp(ϕn+1,∆ε
p
n+1,M ,ϕn,F

p
n, ε

p
n). (2.99)
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As a result, this potential depends only on the deformation mapping and the plastic

multiplier at time tn+1 and on the flow direction M being constant within the return-

mapping algorithm. Minimization of Eq. (2.99) with respect to M yields

M =
3

2

dev[S̄tr]

||dev[S̄tr]||2
=

3

2

ee
tr

||ee
tr||2

. (2.100)

Finally, inserting this equation and minimizing with respect to ∆εp
n+1 defines the reduced

potential Ψinc. Further details are omitted. They may be found in [Ortiz & Stainier

1999; Ortiz 2002].

According to Remark 2.5.3.1, the flow direction can be re-written alternatively as

M =
3

2

dev[Σtr]

||dev[Σtr]||2
(2.101)

in terms of Mandel stresses. Interestingly, since φ is a positively homogeneous function

of degree one, the minimum problem governing the internal variables (2.83), together with

the flow rule (2.101), is equivalent to the discrete yield condition, i. e.,

arg inf
∆εp

n+1

Ψϕ,F p,εp ⇐⇒ ∆εp
n+1 ≥ 0 : φ(Σ, Q(∆εp))|n+1 = 0 (2.102)

This problem is solved locally (for each integration point) by applying Newton’s scheme.

The consistent linearization of the algorithm necessary for an asymptotic quadratic conver-

gence can be derived in a relatively straightforward manner, cf. [Ortiz 2002]. It requires

the derivative of the exponential and logarithmic mapping, cf. [Ortiz, Radovitzky &

Repetto 2001; Itskov 2003]. Details are omitted.

Remark 2.5.3.1 Here, it is shown that the discrete flow rule (2.100) can alternatively

be re-written as

M =
2

3

dev[Σtr]

||dev[Σtr]||2
. (2.103)

From the assumed potential (2.91) the Kirchhoff stresses are obtained as

τ =
∂Ψvol

∂Je
1 + µ log be(dev) (2.104)

with be(dev) being the left Cauchy-Green tensor defined by the volume preserving defor-

mation gradient (2.94)2. Using this equation, the deviatoric part of the Mandel stresses

is defined by

dev[Σ] = µ dev
[
F eT · log be(dev) · F e−T

]
= 2 µ

3∑
A=1

log λdev
A NA ⊗NA. (2.105)

where NA represent the eigenvectors of Ce and Ce(dev), respectively. Furthermore, apply-

ing Eq. (2.93), the strain tensor ee yields

ee =
1

2
log[devCe] =

3∑
A=1

log λdev
A NA ⊗NA. (2.106)

Consequently devΣ = devS̄ and thus, the equivalence (2.103) holds.
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2.6 Variational, thermomechanically

coupled formulation

The extension of the variational constitutive formulation, as described previously, which

is necessary for thermodynamically coupled problems, is briefly discussed in this section.

Although the variational coupling of mechanical and thermal processes enjoys a relatively

long tradition (dating back at least to [Biot 1956; Biot 1958] in the case of thermoe-

lasticity) a consistent framework taking into account large deformations and dissipation

resulting from plasticity or material damage, rate sensitivity and viscosity has been pro-

posed only recently, [Yang 2004; Yang, Stainier & Ortiz 2005], see also [Hackl

1997].

Since a naive coupling of the purely mechanical problem with heat conduction does not

lead to a variational structure and consequently, it does not lead to a symmetric stiffness

matrix, most of the previous implementations were based on staggered solution schemes

consisting of two subproblems, each of them showing a symmetric tangent matrix. A state

of the art review concerning those models can be found in [Simo 1998]. Despite this ad

hoc decoupling, those models require additional constitutive assumptions. For instance,

usually the Taylor-Quinney factor is introduced (see [Taylor & Quinney 1937])

measuring the fraction of plastic power converted to heat.

With a variational constitutive update as proposed in [Yang 2004; Yang, Stainier

& Ortiz 2005], those drawbacks can be avoided. Additionally, as mentioned in the

previous sections, a variational structure opens up the possibility to analyze the existence

of solutions by using, nowadays, standard techniques originally designed for hyperelastic

continua. Furthermore, such a structure can be taken as a basis for canonical error

estimation. This will be shown in Chapters 4 – 6.

Conceptually speaking, the extension of the variational formulation advocated in [Ortiz

& Stainier 1999] to the fully thermodynamically coupled problem as proposed in [Yang

2004; Yang, Stainier & Ortiz 2005] requires three modifications.

• Thermal effects have to be added to the dissipation. For the sake of clarity and

simplicity, a fully uncoupled plasticity, viscosity and heat conduction is assumed.

The more general case does not cause any additional problems. With this postulate,

the dissipation resulting from plastic deformations is reflected by J∗ according to

Eq. (2.74). Introducing a viscous-type dissipation pseudo-potential φ∗ in the sense

of [Ortiz & Stainier 1999] and a Fourier-type dissipation pseudo-potential χ

(cf. [Simo 1998], page 437), such that

P visco = ∂Ḟφ
∗ (2.107)

and

H = ∂Gχ, with G = −1

θ
GRADθ, (2.108)
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a positive dissipation is guaranteed a priori, if J∗ and φ∗ are convex and χ is a

concave function. Here, P visco is the viscous or non-equilibrium stress of first Piola-

Kirchhoff type.

• The second step necessary to obtain a variational structure is the distinction between

the equilibrium temperature and the external temperature, cf. [Yang, Stainier &

Ortiz 2005]. While the external temperature θ is the standard one, the equilibrium

temperature θ̃ is given by the equilibrium condition, i. e.,

θ̃ = ∂NU(F ,F p,α, N) (2.109)

with U denoting the internal energy density and N is the entropy, see Subsec-

tions 2.2.2 and 2.2.3. Clearly, at equilibrium those two temperature are equal.

However, this condition is only enforced in a weak form by applying a Hu-Washizu

formulation. That is, θ and N can be varied independently of one another.

• If the standard field equations governing the thermomechanical problem are re-

written into a corresponding weak form, they do not represent the Euler-Lagran-

ge equations of a potential. In [Yang, Stainier & Ortiz 2005], this problem is

solved by using integrating factors obtained by a time rescaling. More specifically,

the integration factor derived from the symmetry condition of the Dirichlet form

of the rescaled weak form reads

f(θ, θ̃) =
θ

θ̃
. (2.110)

Evidently, at equilibrium, f = 1 and hence, no rescaling occurs. Further details are

omitted. They can be found in [Yang 2004; Yang, Stainier & Ortiz 2005].

Applying the three steps listed above, [Yang 2004; Yang, Stainier & Ortiz 2005]

finally derived the variational problem

inf
ϕ̇,α̇,Ḟ

p
,Ṅ

sup
θ
I(ϕ̇, θ, Ṅ , α̇, Ḟ

p
) (2.111)

with

I(ϕ̇, θ, Ṅ , α̇, Ḟ
p
) =

∫
Ω

[
U̇ − θ Ṅ + ∆

(
θ

θ̃
(Ḟ , Ḟ

p
, α̇)),−1

θ
GRADθ

)]
dV

−
∫
Ω

ρ0 B · ϕ̇ dV −
∫

∂2Ω

T̄ · ϕ̇ dA

+

∫
Ω

ρ0 R log
θ

θ0

dV −
∫

∂HΩ

H ·N θ

θ0

dA.

(2.112)
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Here, θ0 is the temperature of the referential state 0, ∂HΩ is the boundary with prescribed

heat fluxes and

∆ = J∗ + φ∗ − χ. (2.113)

It can be shown in a relatively straightforward manner that the Euler-Lagrange equa-

tions associated with Eq. (2.112) are equivalent to the field equations governing the cou-

pled thermomechanical problem. For further details, the reader is referred to [Yang

2004; Yang, Stainier & Ortiz 2005].

Similarly to the purely mechanical formulation, the variational constitutive update is

based on an approximation of Eq. (2.112). More specifically, a time discretization of

Eq. (2.112) leads to the incremental functional

Ψϕ,F p,α,θ,N(ϕn+1, θn+1, Nn+1,F
p
n+1,αn+1) ≈

tn+1∫
tn

I(ϕ̇, θ, Ṅ , α̇, Ḟ
p
) dt. (2.114)

Clearly, the stationarity conditions of Eq. (2.114) represent consistent approximations of

the field equations of the thermomechanically coupled problem. Following Section 2.5,

the internal variables and the entropy are computed from the minimization principle

Ψinc(ϕn+1, θn+1) = inf
Nn+1,F p

n+1,αn+1

Ψϕ,F p,α,θ,N (2.115)

which defines the reduced pseudo-potential Ψinc. Finally, the deformation mapping and

the temperature follow from the variational problem

(ϕn+1, θn+1) = arg inf
ϕn+1

sup
θn+1

Ψinc. (2.116)

It should be noted that for many material models the minimization problem (2.115) can

be simplified significantly.

2.7 Range of application of classical local continuum

theories

Since the early work of [Hadamard 1903] it is known that classical local continuum the-

ories may lead to non-physical solutions. More precisely, [Hadamard 1903] showed that

the wave propagation speed depending on the constitutive relation can become complex-

valued. This phenomenon is strongly linked to the loss of ellipticity of the governing

equations, cf. [Hill 1958; Thomas 1961; Mandel 1966; Rudnicki & Rice 1975;

Raniecki & Bruhns 1981; Marsden & Hughes 1994]. That is, the partial dif-

ferential equation corresponding to the respective physical problem may change from the

elliptic to the hyperbolic type (in the static case). Hence, it is possible that the considered
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Boundary Value Problem (BVP) becomes ill-posed (see [Braess 1997]). If this transi-

tion occurs, the solution of the BVP is not unique anymore. Clearly, applying the finite

element method to the numerical analysis of such problems, the described mathematical

implications result in a lack of invariance of the computed solution with respect to the

spatial discretization, cf. [De Borst 1986; De Borst 2001].

The just mentioned ill-posedness of the governing equations characterizing the considered

physical problem is often activated by strain-softening. This type of softening is defined

as the effect of decreasing stresses while the respective strains are increasing. For instance,

the macroscopic material response due to cracking in brittle materials, slip bands in soils

or Lüder’s bands shows strain-softening. As a consequence, those physical phenomena

cannot be modeled by applying a standard local continuum theory.

The mesh dependency of the numerical results is not the only problem when dealing

with strain-softening. Often, the regions showing inelastic deformations are highly lo-

calized. More precisely, the characteristic diameter of those regions is several orders of

magnitude smaller than the respective engineering structure under investigation. As a

consequence, strain-softening can be understood as a multi-scale problem. According to

[Belytschko, Fish & Engelmann 1988], an efficient approach suitable for the anal-

ysis of strain-softening should not only avoid the mesh dependence of the numerically

computed solutions resulting from the ill-posedness of the governing equations, but it

should also account for the multi-scale character of the underlying physical problem. In

the next chapter, a model falling into the range of such multi-scale approaches will be

proposed.



Chapter 3

Modeling of localized material

failure by strong discontinuities

In this chapter, a finite element formulation suitable for numerical analyses of highly lo-

calized material failure such as cracking in concrete or shear bands in ductile metals is

presented. The model is based on the so-called Strong Discontinuity Approach (SDA).

Within this framework, the final failure kinematics of solids are approximated by means

of a discontinuous displacement field (jumps in the deformation mapping). Following the

Enhanced Assumed Strain concept (EAS), an additive decomposition of the displacement

gradient into a conforming and an enhanced part is employed. While the conforming part

is represented in a standard manner by using classical Lagrangian interpolations, the

enhanced part is derived from a discontinuous displacement field reflecting the kinematics

induced by localized material failure. Referring to the displacement jump, no special as-

sumption, such as purely mode-I or mode-II failure, is made. The same holds for the class

of interface laws considered which govern the evolution of the displacement discontinuity

in terms of the traction vector acting at the surface of strong discontinuities. Conse-

quently, the suggested numerical framework can be applied to a broad range of different

interface laws, including damage-based models. In contrast to previous works, the pre-

sented finite element formulation does not require the static condensation technique to be

employed. More precisely, instead of computing the conforming part of deformation and

the displacement jump simultaneously from the weak form of equilibrium and the weak

form of traction continuity, the different parts of the local deformation are decomposed ac-

cording to a predictor-corrector algorithm. The proposed predictor and the corrector step

are formally identical to those of classical computational plasticity models. Hence, sub-

routines originally designed for standard models (continuous deformation) can be applied

with only minor modifications necessary. The applicability as well as the performance of

the resulting finite element formulation are demonstrated by means of selected numerical

examples.

45
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X1

Ω−
Ω+

N

X2

∂SΩX3

Figure 3.1: Body Ω ⊂ R3 separated into two parts Ω− and Ω+ by a two-dimensional

submanifold ∂sΩ of class C1

3.1 Kinematics induced by strong discontinuities

A review on the kinematics associated with the Strong Discontinuity Approach (SDA) is

given. At first, discontinuous deformation mappings are described in a general format.

Subsequently, the characteristical assumptions concerning the SDA are incorporated. This

section follows to a large extent [Mosler 2004; Mosler 2005b; Mosler 2005a].

3.1.1 Fundamentals

According to [Oliver & Simo 1994; Oliver & Simo 1994; Oliver 1995a; Oliver

1995b], a domain Ω ⊂ R3 (more precisely, an open bounded set) is assumed to be

separated into two parts Ω− and Ω+ by means of a surface ∂sΩ (see Fig. 3.1). In what

follows, it is sufficient to postulate that ∂sΩ is a piecewise C1 hyperplane. From a physical

point of view, this hyperplane represents a crack surface or a slip plane, respectively.

Since ∂sΩ is of class C1, the normal vector N ∈ NX0 of the submanifold ∂sΩ at the point

X0 ∈ ∂sΩ is well-defined, i. e., dimNX0 = 1. Clearly, the introduction of a surface ∂sΩ

induces a partition, i. e.,

Ω = Ω+∪̇Ω−∪̇∂sΩ. (3.1)

Next, a discontinuous deformation mapping ϕ is considered. This mapping connects each

point X in the reference configuration Ω to the corresponding point x in the current

placement ϕ(Ω). Since Ω is assumed as connected and ϕ = idΩ + u, a discontinuous

deformation mapping is equivalent to a discontinuous displacement field u. In what

follows, a displacement mapping of the type

u|Ω± ∈ C∞(Ω±,R3), Ω± := Ω+ ∪ Ω− (3.2)

is considered, i. e., u may be discontinuous at ∂sΩ while it is smooth on Ω±. This re-

striction is reasonable, since the finite element kinematics as proposed in Section 3.1.3

are based on a polynomial approximation of the displacement field u|Ω± . Applying condi-

tion (3.2), the left hand limit u−(X0) and the right hand limit u+(X0) of the displacement
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mapping u : Ω→ R3 at X0 ∈ ∂sΩ are obtained as

u±(X0) := lim
n→∞

u(X±
n ), (X±

n )n∈N ∈ (Ω±)N, X±
n →X0 (n→∞). (3.3)

Hence, the discontinuity of u at X0 is computed as

[[u(X0)]] := u+(X0)− u−(X0) ∀X0 ∈ ∂sΩ. (3.4)

Introducing the Heaviside function with respect to the singular surface ∂sΩ, i. e., the

indicating function of the subset Ω+, a displacement field of the type (3.2) can be re-

written into the form

u(X) = u−(X) +Hs (u+(X)− u−(X)) , u−,u+ ∈ C∞(Ω,R3). (3.5)

Since u− and u+ are completely independent of one another, u|Ω− = u−|Ω− and u|Ω+ =

u+|Ω+ are independent as well. As a consequence, the jump of the deformation gradient

F computed from Eq. (3.5) is not zero, in general, i. e.,

[[F (X0)]] 6= 0, X0 ∈ ∂sΩ. (3.6)

All numerical models based on the incorporation of strong discontinuities into finite el-

ements are based on a deformation mapping characterized by Eq. (3.5), see [Simo &

Oliver 1994; Armero & Garikipati 1995; Larsson, Runesson & Åkesson 1995;

Larrson & Runesson 1996; Oliver 1996; Ortiz & Pandolfi 1999; Armero

1999; Borja & Regueiro 2001; Wells & Sluys 2001c; Wells & Sluys 2001b;

Dolbow, Moës & Belytschko 2002; Mosler & Meschke 2003; Mosler &

Bruhns 2004]. In some approaches, an additional term associated with the stress singu-

larity at the crack tip is added to the displacement field (3.5), cf. [Belytschko & Black

1999; Moës, Gravouil & Belytschko 2002b; Moës, Gravouil & Belytschko

2002a].

Remark 3.1.1.1 The displacement field (3.5) and its corresponding deformation map-

ping are piecewise continuous. More precisely, u belongs to the space of special functions

with bounded variations (SBV), cf. [Ambrosio, Fusco & Pallara 2000]. This space

is spanned by all functions having bounded deformations (BD) in the sense of [Matthies,

Strang & Christiansen 1979; Teman & Strang 1980] and a singular Cantor-

part. According to [Negri 2005b], the space SBV is large enough for most free disconti-

nuity problems but significantly more regular than BD.

3.1.2 The strong discontinuity approach

After having presented the general kinematics induced by a discontinuous deformation

mapping, attention is turned to the displacement field characteristical for the strong dis-

continuity approach in the sense of [Simo, Oliver & Armero 1993; Simo & Oliver
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1994; Oliver 1996]. According to [Oliver 1996], a displacement field of the format

u = û + [[u]] (Hs − ϕ), with û ∈ C∞(Ω,R3), ϕ ∈ C∞(Ω,R) (3.7)

is assumed. By comparing Eq. (3.7) to Eq. (3.5),

u− = û− [[u]] ϕ and u+ = û + [[u]] (1− ϕ) (3.8)

is obtained. The smooth ramp function ϕ allows to prescribe the Dirichlet boundary

conditions in terms of ū (see [Simo & Oliver 1994; Oliver 1996]). This will be

described in Subsection 3.1.3.

Applying the generalized derivative D to the Heaviside function which results in the

identity DHs = N δs the deformation gradient is computed from Eq. (3.7) as

F = 1 +
∂û

∂X
+
∂ [[u]]

∂X
(Hs − ϕ) + [[u]]⊗N δs − [[u]]⊗ ∂ϕ

∂X
. (3.9)

Here, δs represents the Dirac-delta distribution with respect to ∂sΩ. Clearly, Eq. (3.9)

has to be understood in a distributional sense, cf. [Stakgold 1967; Stakgold 1998].

According to Eq. (3.9), F consists of three parts: An absolutely continuous part 1 +

∂û/∂X − ∂ [[u]] /∂X ϕ− [[u]]⊗ ∂ϕ/∂X, a jump part ∂ [[u]] /∂X Hs and a singular distri-

bution [[u]]⊗N δs.

Remark 3.1.2.1 Restricting attention to the one-dimensional case for now and applying

the partial derivative to Eq. (3.7), the non-vanishing component F of the deformation

gradient in Ω± := Ω+ ∪ Ω− is computed as

F = 1 +
∂û

∂X
− [[u]]

∂ϕ

∂X
. (3.10)

Consequently, the limits according to Eq. (3.3) yield

F± = lim
X±→X0

(
1 +

∂û

∂X
− [[u]]

∂ϕ

∂X

)
, with X0 = ∂sΩ. (3.11)

Since û, ϕ ∈ C∞, the equivalence

F+ = F− =

(
∂ū

∂X
− [[u]]

∂ϕ

∂X

)∣∣∣∣
X0

(3.12)

holds. Hence, in contrast to the displacement field (3.5), the kinematics corresponding to

Ω− and Ω+ are not completely independent of one another, cf. Eq. (3.6). For further

details refer to [Jirásek & Belytschko 2002; Mosler & Bruhns 2004]. As it will

be shown, for the SDA, the identity (3.12) is also fulfilled in the three-dimensional case.
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3.1.3 Numerical implementation

The approaches using kinematics induced by strong discontinuities can be subdivided into

two classes:

• Interface elements as proposed in [Needleman 1990; Camacho & Ortiz 1996;

Ortiz & Pandolfi 1999]. For such models, a jump in the deformation field is

allowed to occur only at the boundary between neighboring finite elements.

• Approaches accounting for displacement jumps in the interior of finite elements. A

further classification is possible, if the way of modeling the discontinuity is used as

a criterion.

– The deformation discontinuity is approximated element-wise (SDA). Continu-

ity of the field of the discontinuities is not guaranteed at the element bound-

aries, cf. [Dvorkin, Cuitiño & Gioia 1990; Klisinski, Runesson &

Sture 1991; Simo, Oliver & Armero 1993].

– eXtended Finite Element Method (X-FEM) or Partition of Unity Finite Ele-

ment Method (PU-FEM), cf. [Moës, Dolbow & Belytschko 1999; Suku-

mar, Moës, Moran & Belytschko 2000]. Conceptually speaking, a given

deformation approximation is locally enriched by functions showing a compact

support.

More detailed comparisons between numerical models based on strong discontinuity kine-

matics are given in [Jirásek 2000; Jirásek & Belytschko 2002; Mosler & Mesch-

ke 2004; Dumstorff, Mosler & Meschke 2003; Mosler 2004; Oliver, Huespe,

Pulido & Samaniego 2005]. From the discussions contained in these works follows

that at present, it is not clear which of those approaches is more promising.

On the one hand, finite element formulations accounting for deformation jumps within

the interior of the elements show the advantage that the space of admissible disconti-

nuities (the geometry of ∂sΩ) is very large. However, those approaches imply that the

topology of ∂sΩ has to be stored, e. g. by using level, cf. [Stolarska, Chopp, Möes

& Belytschko 2001]. Consequently, the resulting numerical costs are very expensive.

To the best knowledge of the author, neither the SDA nor the X-FEM have been applied

to the simulation of complex material failure with ∂sΩ modeled in a continuous manner.

On the other hand interface elements allow for computing complex material failure. In

the case of cracking in brittle structures, the reader is referred to [Ortiz & Pandolfi

1999; Pandolfi, Krysl & Ortiz 1999; Pandolfi, Krysl & Ortiz 1999; Cirak,

Ortiz & Pandolfi 2005]. However, by approximating ∂sΩ by the facets of the finite

elements, the space of admissible discontinuities is relatively small. Hence, this method

can lead to an overestimation of the dissipation, see [Papoulia, Vavasis & Ganguly

2005].



50 Chapter 3: Modeling of localized material failure by strong discontinuities

In the present work, a finite element formulation based on the Enhanced Assumed Strain

concept (EAS), cf. [Simo & Rifai 1990; Simo & Armero 1992; Simo, Armero &

Taylor 1993], is proposed. It falls into the framework advocated by [Simo, Oliver &

Armero 1993; Simo & Oliver 1994; Oliver 1996]. The numerical comparison be-

tween the SDA and the X-FEM contained in [Oliver, Huespe, Pulido & Samaniego

2005] leads to the conjecture that the SDA is, in many cases, more efficient than the

X-FEM.

Following the EAS concept, the enhanced part of the deformation gradient is modeled in

an incompatible fashion. In what follows, only the displacement field û is approximated

globally (conforming), i. e.,

û =

nnode∑
i=1

Ni ûe
i , (3.13)

with the nodal displacements ûe
i at node i. Eq. (3.13) gives rise to the introduction of

the deformation gradient

F̂ := 1 + GRADû, GRADû :=
∂û

∂X
(3.14)

corresponding to the conforming part of the deformation.

Assuming the jump [[u]] is known, only the ramp function ϕ has to be specified in order to

define the kinematics (3.9) uniquely. In line with [Oliver 1996], ϕ is designed by using

the standard shape functions Ni. More precisely,

φ =

n
Ω+∑

i=1

Ni. (3.15)

Here,
n

Ω+∑
i=1

denotes the summation over all nodes of the respective finite element belonging

to Ω+. Owing to the properties of the shape functions,

u(Xe
i ) = û(Xe

i ) ∀Xe
i , (3.16)

i. e., the displacement field is identical to the globally conforming one at the nodes Xe
i of

the finite element e and hence, the Dirichlet boundary conditions can be formulated in

terms of û. Most of the finite element formulations dealing with strong discontinuities are

based on an element-wise plane surface ∂sΩ. This approximation is used for the numerical

model presented in this chapter as well. If ∂sΩ is plane, it can be checked efficiently, if a

node belongs to Ω+ or Ω−.

Interpolating only û in a compatible manner, the incompatible enhanced displacement

gradient results in

H =
∂ [[u]]

∂X
(Hs − ϕ) + [[u]]⊗N δs − [[u]]⊗ ∂ϕ

∂X
, (3.17)
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cf. Eq. (3.9). Since H does not need to represent the derivative of a conforming dis-

continuous deformation field, it is admissible to neglect the gradient of the displacement

discontinuity, i. e., ∂ [[u]] /∂X = 0 and to consider a deformation gradient of the type

F = 1 +
∂û

∂X
+ [[u]]⊗N δs − [[u]]⊗ ∂ϕ

∂X
. (3.18)

The assumption ∂ [[u]] /∂X = 0 is characteristic for the SDA, see e. g. [Simo & Oliver

1994; Oliver 1996; Armero & Garikipati 1996; Larrson & Runesson 1996;

Armero 1999; Borja 2000; Wells & Sluys 2001c; Jirásek & Zimmermann

2001]. Clearly, only in the case ∂ [[u]] /∂X = 0, Eq. (3.18) represents the generalized

derivative of the deformation mapping (3.7). However, F captures the highly localized

displacements and complies with the restrictions of the EAS concept. It should be noted

that the more general case ∂ [[u]] /∂X 6= 0 does not lead to any problems, cf. [Alfaiate,

Simone & Sluys 2003].

The additive decomposition (3.18) of the deformation gradient is not well-suited for the

development of constitutive equations. Following [Garikipati 1996; Armero & Ga-

rikipati 1996], Eq. (3.18) is re-written into a multiplicative decomposition as

F = F̄ · F̃ , with
F̄ = 1 + GRADû− [[u]]⊗GRADϕ

F̃ = 1 + J ⊗N δs, J := F̄
−1 · [[u]] .

(3.19)

As a consequence, F̄ represents the regularly distributed part of the deformation gradi-

ent, while F̃ is associated with the singular distribution resulting from the generalized

derivative of the displacement jump. In Eq. (3.19), J denotes the material counterpart

of the displacement discontinuity, i. e., J is the pull-back of [[u]] with respect to the

mapping represented by F̄ in a differential geometry framework. Therefore, J can be

interpreted as a vector on the intermediate configuration induced by the multiplicative

decomposition (3.19)1. However, since

F |Ω± = F̄ |Ω± , (3.20)

the pull-back of tensors (with F̄ ) defined on ϕ(Ω±) leads to objects on the undeformed

configuration. More precisely, the multiplicative decomposition (3.19)1 holds only for

X0 ∈ ∂sΩ. For X ∈ Ω± it reduces to F = F̄ .

Analogous to standard multiplicative plasticity theory, the spatial velocity gradient l :=

Ḟ · F−1 is computed as

l = l̄ + l̃, with
l̄ = ˙̄F · F̄−1

l̃ = F̄ · ˙̃F · F̃−1 · F̄−1
.

(3.21)

According to Eq. (3.21), l is decomposed additively. It consists of a part l̄, associated

with the continuous deformation mapping and a second term l̃, resulting from the rate
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of the displacement discontinuity. Since F̄ is regularly distributed, l̄ can be computed

in standard manner. However, to obtain l̃, an inversion of a singular distribution is

necessary. To the best knowledge of the author, l̃ was computed in [Garikipati 1996;

Armero & Garikipati 1996] for the first time. For that purpose, F̃ was interpreted as

a linear mapping between two vector spaces. Alternatively, it is possible to approximate

the Dirac-delta function by using an h-sequence, that is,

δh
s :=

χ∂sΩ

h
, δh

s → δs (h→∞), (3.22)

applying the well-known Sherman-Morrison formula and computing the limiting value,

i. e., h → ∞, cf. [Larsson, Steinmann & Runesson 1998]. Both procedures result

in

l̃ = Lν [[u]]⊗N · F̄−1
δs (3.23)

where Lν [[u]] represents a Lie-type derivative according to

Lν [[u]] = F̄ · ∂
∂t

{
F̄
−1 · [[u]]

}
= [[u̇]] + l̄ · [[u]] . (3.24)

Here, χ∂sΩ denotes the indicating function of the subset ∂sΩ.

Remark 3.1.3.1 According to Eqs. (3.13) and (3.15), û ∈ C∞(Ω,R3) and ϕ ∈ C∞(Ω,R).

As a result,

[[F ]] =
[[
F̄
]]

= 0 ∀X ∈ ∂sΩ (3.25)

Hence, as in the one-dimensional case, the kinematics in Ω+ and Ω− are not completely

independent of one another, cf. Remark 3.1.2.1.

Remark 3.1.3.2 Note that for functions belonging to SBV, boundary conditions or the

definition of the displacement jump require the trace of u, cf. [Negri 2005b]. However,

most finite element formulations, including the one presented in this work, are based

on piecewise smooth deformation approximations. As a consequence, the trace operation

reduces to the standard evaluation of u or ϕ, respectively.

Remark 3.1.3.3 The kinematics, as well as the finite element implementation proposed

in this chapter are based on only one localization surface ∂sΩ within the body Ω (the finite

element). For the case of multiple strong discontinuities, see [Mosler 2004; Mosler

2005d].

Remark 3.1.3.4 Since in what follows, an evolution equation for J will be applied, F̃

can be computed. As a consequence, the intermediate configuration induced by the multi-

plicative decomposition (3.19) of the deformation gradient is defined uniquely.
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3.1.4 Comparison to other

SDA-based finite element formulations

Many different numerical methods based on embedded strong discontinuities can be found

in the literature. In this section, it will be shown that some of them are equivalent, cf.

[Mosler 2004]. Since most of the approaches are restricted to a geometrically linearized

theory, the small strain tensor ε is required. From the kinematics described in the previous

subsection ε results in

ε = (∇u)sym = (∇û)sym − ([[u]]⊗∇ϕ)sym︸ ︷︷ ︸
=: ε̃

+ ([[u]]⊗N )sym δs. (3.26)

Restricting attention to constant strain triangle elements and using Voigt notation (the

conversion between a tensor A and its corresponding matrix is indicated by brackets, i. e.,

[A]), [Jirásek & Zimmermann 2001] considered a strain field of the type

[ε] = B d−B H e, ∀X ∈ Ω±, with d =

 ûe
1

ûe
2

ûe
3

 . (3.27)

Here, B represents the B-operator, d the vector of nodal displacements (see [Bathe

1995]), e the vector of the displacement jump with respect to a local cartesian coordi-

nate system defined by the normal N and H a matrix which reflects the effect of the

displacement discontinuity on the nodal displacements, respectively. The B-operator is

decomposed into a differential operator Dε and the interpolation matrix N according to

[Bathe 1995]

B := Dε N , N :=

[
N1 0 · · · 0

0 N1 · · · N3

]
. (3.28)

Clearly, B d = [∇symû] (compare Eqs. (3.27) and (3.28) to Eqs. (3.26) and (3.13)).

Hence, to show the equivalence of Eq. (3.27) and Eq. (3.26),

[ε̃]
!
= B H e. (3.29)

Without loss of generality, it is assumed that Xe
3 ∈ Ω+ while Xe

1, Xe
2 ∈ Ω−. In this case,

the matrix H is of the type (see [Jirásek & Zimmermann 2001])

HT =
[
HT

1 , HT
2 , HT

3

]
with H1 = H2 =

[
0 0

0 0

]
, H3 =

[
cosα sinα

− sinα cosα

]
. (3.30)

With Eq. (3.15) and applying the differential operator Dε, the left hand side of Eq. (3.29)

yields

[ε̃] = Dε (ϕ [[u]]), with ϕ = N3. (3.31)
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Inserting Eq. (3.31) into Eq. (3.29) and computing the product N H , Eq. (3.29) is

re-written as

N3 [[u]]
!
= N3 HT

3 e. (3.32)

Since [[u]] = HT
3 e, i. e., the matrix HT

3 transforms the local components of the dis-

placement discontinuity denoted as e to the global counterparts [[u]], both strain fields

(Eq. (3.26) and Eq. (3.27)) are fully equivalent.

In contrast to [Jirásek & Zimmermann 2001], [Dvorkin, Cuitiño & Gioia 1990]

proposed an enhanced strain field of the type

[ε̃] = B φ U c. (3.33)

In Eq. (3.33), U c denotes the displacement discontinuity with respect to a global coordi-

nate system, i. e., U c = [[u]], and the matrix φ is defined as

φT = [φT
1 , . . .φ

T
nnode

], with φi =

{
0 if Xe

i ∈ Ω−

1 if Xe
i ∈ Ω+ 0,1 ∈M2×2(R). (3.34)

As a consequence, the identity φ U c = H e holds. Hence, the kinematics suggested by

[Jirásek & Zimmermann 2001] are fully equivalent to those presented in [Dvorkin,

Cuitiño & Gioia 1990].

Independently of the work [Dvorkin, Cuitiño & Gioia 1990], [Klisinski, Runesson

& Sture 1991; Olofsson, Klisinski & Nedar 1994; Klisinski, Olofsson &

Tano 1995] suggested an enhanced strain field of the type

[ε̃] = B A HT
3 e. (3.35)

In Eq. (3.35), A represents the so-called redistribution matrix, cf. [Klisinski, Olofsson

& Tano 1995]. It should be noted that in the original work [Klisinski, Olofsson &

Tano 1995], [ε̃] = B A q e, with q 6= HT
3 . This difference (q 6= HT

3 ) between

[Klisinski, Olofsson & Tano 1995] and [Jirásek & Zimmermann 2001] results

from different local coordinates. However, by applying the same local cartesian coordinate

system, q = HT
3 . Restricting attention to constant strain triangles and assuming that

Xe
3 ∈ Ω+ while Xe

1, Xe
2 ∈ Ω−, A is specified by (see [Klisinski, Olofsson & Tano

1995])

AT =

[
−ξ 0 −ξ 0 1− ξ 0

0 −ξ 0 ξ 0 1− ξ

]
, ξ ∈ [0, 1]. (3.36)

The parameter ξ defines the relative distance of the discontinuity within the finite element.

However, it can be shown directly that the product B A is independent of ξ. Hence,

without loss of generality, ξ is set to ξ = 0. Applying the product of A(ξ = 0) HT
3 , the

equivalence

H = A(ξ = 0) HT
3 (3.37)
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is verified. As a consequence, B A HT
3 e = B H e, and the kinematics proposed by

Klisinski and co-workers are fully equivalent to those presented in the previous Sub-

section. It should be noted that the works of [Dvorkin, Cuitiño & Gioia 1990] and

[Klisinski, Runesson & Sture 1991] were published earliest; three (two) years earlier

than the paper [Simo, Oliver & Armero 1993].

3.2 Constitutive equations

3.2.1 Constitutive Equations for X ∈ Ω±:

Stress-strain laws

According to Section 3.1.3, F |Ω± is regularly distributed. As a consequence, standard

stress-strain relationship based continuum models such as those presented in Chapter 2

can be applied. Since the main focus of this chapter is on the modeling of localized

inelastic deformations, the homogeneously distributed part of deformation is assumed as

purely elastic. More precisely, the existence of a stored-energy functional Ψreg = Ψreg(F̄ )

is postulated. Following Section 2.3, the Kirchhoff stresses τ and the second Piola-

Kirchhoff stress tensor are obtained as

τ = 2 F̄ · ∂C̄Ψreg · F̄
T

and S = 2 ∂C̄Ψreg, (3.38)

with the right Cauchy-Green tensor

C̄ := F̄
T · F̄ . (3.39)

Note that the identity C̄|Ω± = C|Ω± holds. It should be emphasized that other constitu-

tive models such as plasticity-based formulations can be easily applied as well.

Remark 3.2.1.1 Since the stress tensors are only defined for X ∈ Ω±, and for those

points the identity F̄ |Ω± = F |Ω± holds, the bar over the second Piola-Kirchhoff stress

tensor S is omitted.

3.2.2 Constitutive Equations for X ∈ ∂sΩ:

Traction-separation laws

As shown in Section 3.1.3, the kinematics depend on two independent fields, namely û

and [[u]]. As a consequence, F̄ and F̃ as defined by Eq. (3.19) are independent from one

another as well. Therefore, two constitutive laws can be introduced: one as a function of

F̄ and an additional model formulated in terms of F̃ . The first of those has already been

given in Subsection 3.2.1. Hence, a second material law connecting F̃ with its conjugate

variable is presented here.
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According to Eq. (3.19), F̃ depends only on the displacement discontinuity (N is time

invariant). Consequently, it is convenient to derive the new constitutive law in terms of

the deformation jump. By analyzing Eq. (3.19), it is evident that a complete decoupling

of F̄ and F̃ requires the new law to be a function of the spatial displacement discontinuity

J . Clearly, in principle, the true deformation jump [[u]] can be used as well.

Following [Simo & Oliver 1994] it can be shown that the displacement discontinuity

[[u]] is conjugated to the traction vector T = P ·N acting within the surface ∂sΩ. Laws

connecting [[u]] with T are referred to as traction-separation laws or cohesive laws. They

are based on the pioneering works by [Dugdale 1960; Barenblatt 1962], see also

[Hillerborg, Modeer & Petersson 1976].

For the development of those laws two different concepts can be found in the literature.

[Simo, Oliver & Armero 1993] proposed to project a standard stress-strain relation-

ship onto a surface leading to a traction-separation law. Simo and co-workers were the

first who recognized that the singular Dirac-delta distribution connects classical stress-

strain relationship-based continuum mechanics to discrete phenomena such as cracking

or shear sliding. See References [Oliver, Cervera & Manzoli 1999; Oliver 2000;

Oliver, Huespe, Pulido & Samaniego 2003] for more details concerning the discrete

constitutive models induced by strong discontinuities and classical continuum models.

Despite the considerable progress made by Simo and co-workers and Oliver and co-

workers in the field of modeling of strain localization, constitutive equations based on the

described projection concept are not totally indisputable. For instance, [Borja 2002]

argues that the constitutive response associated with the continuous deformation is not

necessarily identical to that of the post-localization regime. His argumentation is based

on the constitutive response of rocks. In line with Borja, many authors derive a specific

traction-separation law which is completely independent of that corresponding to the ho-

mogeneous deformation, cf. [Snyman, Bird & Martin 1991; Miehe & Schröder

1994; Armero & Garikipati 1996; Armero 1999; Mosler 2004]. It should be

emphasized that a decoupled material response for Ω± and ∂sΩ is equivalent to an addi-

tive decomposition of the Helmholtz free energy. Such a split is mathematically sound

and often applied, if convergence of cohesive formulations is analyzed, see [Francfort

& Marigo 1998; Negri 2005b; Dal Maso & Zanini 2005]. Furthermore, the pro-

jection method by [Simo, Oliver & Armero 1993] leads to an additive decomposition

of the energy as well, cf. [Oliver 1996]. As a result and without loss of generality, in

the following, only interface laws which are completely independent of the bulk response

are considered.

A decoupling of the material models for Ω± and ∂sΩ is equivalent to a Helmholtz free

energy of the type

Ψ(C̄,J ,α) = Ψreg(C̄) + Ψsing(J ,α) δs. (3.40)

Here, purely elastic deformations in Ω± have been assumed. However, the more general
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case does not lead to any further problems. Integration of Eq. (3.40) yields∫
Ω

Ψ(C̄,J ,α) dV =

∫
Ω

Ψreg(C̄) dV +

∫
∂sΩ

Ψsing(J ,α) dA. (3.41)

Hence, the Helmholtz free energy of the whole system is decomposed into a bulk part

and a surface part. In Eq. (3.40) and (3.41), α represents displacement-like internal

variables. Based on an energy of the type (3.40) a novel thermodynamically consistent

procedure for developing traction-separation laws is presented in this section.

For deriving cohesive models, attention is restricted to purely inelastic localized deforma-

tions, i. e., the displacement jump J corresponds to fully inelastic deformations. In this

case, J can also be interpreted as a displacement-like internal variable. Hence, Ψsing(J ,α)

reduces to Ψsing(α(J)). Evidently, a decomposition of J into an elastic and an inelastic

part can be easily applied as well, cf. [Miehe & Schröder 1994; Armero 1999].

So far, the mechanical problem describing the material response in Ω± and that corre-

sponding to X ∈ ∂sΩ are uncoupled. The coupling is provided by the condition of con-

tinuity of the traction vector T := P ·N where P denotes the first Piola-Kirchhoff

stress tensor:

T−(X0) = T +(X0) = T (X0), X0 ∈ ∂sΩ, (3.42)

with T± denoting the left hand and the right hand limits of the traction vector T according

to Eq. (3.3). This canonical condition follows from the extension of the principle of virtual

work to continua with internal surfaces ∂sΩ, if the space of admissible test functions

is chosen as that spanned by the displacement field (3.7), i. e., Bubnov-Galerkin-

type. For further details, refer to [Simo & Oliver 1994]. Condition (3.42) allows to

compute the stress vector T (X0) by means of the hyperelastic material law associated

with X ∈ Ω±.

Now, the dissipation D in ∂sΩ can be calculated. Combining Condition (3.42) and the

hyperelastic law (3.38), together with the spatial velocity gradient (3.21), D is obtained

as

D = τ : l− Ψ̇ =
[(

τ · F̄−T ·N
)
· Lν [[u]] + q · α̇

]
δs ≥ 0. (3.43)

In Eq. (3.43), the internal stress-like variables q := −∂αΨsing conjugate to α have been

introduced. Hence, the scalar product q · α̇ depends on the order of the tensor α. Alter-

natively, the dissipation can be re-written as

D =
[(

C̄ · S ·N
)
· J̇ + q · α̇

]
δs ≥ 0. (3.44)

Note that Ineq. (3.44) is formally identical to its counterpart of standard multiplicative

plasticity. To show this equivalence more explicitly, the pull-back (with respect to the

intermediate configuration) of l̃ resulting in

L̃ = J̇ ⊗N δs (3.45)
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is introduced. With Eq. (3.45), the dissipation yields

D =
(
C̄ · S

)
: L̃ + q · α̇ δs ≥ 0. (3.46)

Fully analogously to standard continuum models, the dissipation which is now computed

with respect to the intermediate configuration depends on the Mandel stresses C̄ · S
(compare Eq. (3.45) to Subsection 2.4.2, Eq. (2.58)1). Note that α = α(J). Hence, α and

q are also defined on the intermediate configuration and thus, α̇ represents an objective

time derivative.

The evolution equations, i. e., J̇ and α̇, are computed from the postulate of maximum

dissipation under the constraint imposed by the condition of traction continuity. Following

[Mosler 2005b; Mosler 2004] and using the positive definiteness of a norm || • ||, the

constraint (3.42) is re-written as

φ := ||T +(X0)− T (X0)|| = 0. (3.47)

Alternatively, a pull-back yields

φ := ||T̄ +
(X0)− T̄ (X0)|| = 0, with T̄ := C̄ · S ·N . (3.48)

Evidently, this equation is fully equivalent to the necessary condition of yielding known

from standard plasticity models. By this equivalence, the definition of the space of ad-

missible stresses

ET̄ :=
{

(T̄
+
, q) ∈ R3 × Rn | φ(T̄

+
, q) ≤ 0

}
(3.49)

is motivated. Restricting to the geometrically linearized theory, further details are ad-

dressed in [Mosler 2005b; Mosler 2004]. For the special choice, q = T̄ (X0) and

φ(T̄
+
, q) = ||T̄ + − q||, φ = 0 is equivalent to the condition of traction continuity.

However, the condition T + = T s := T |∂sΩ has only to be enforced to compute the

inelastic part of the deformation, i. e., J̇ and α̇. In the case of fully elastic loading,

the stress response is defined uniquely by Eq. (3.38). As a consequence, the condition of

traction continuity has only to be enforced to those components of the traction vector

T̄ which are conjugated to non-vanishing components of the material displacement jump

J . Hence, φ(T̄
+
, q) needs not necessarily to be identical to ||T̄ +

(X0) − T̄ (X0)||. For

instance, plastic deformations occurring in slip bands in ductile materials such as metals

depend exclusively on the resultant of the shear components of T̄ . Furthermore, the

material response associated with metals does not distinguish between compressive or

tensile loading (approximately). Hence,

φ = ||T̄ +
m||2 − q(α), with T̄

+
m := T̄

+ − (T̄
+ ·N ) N (3.50)

represents a suitable choice. In the context of linearized kinematics, this yield function

was proposed in [Mosler 2005b]. It will be used in the numerical analysis presented in

Section 3.6.
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In summary, the postulate of maximum dissipation subjected to the condition of traction

continuity can be written as

max
(T̄

+
,q)∈ET̄

D(T̄
+
, q) (3.51)

Consequently, the evolution equation are obtained as

J̇ = λ ∂
T̄

+φ, α̇ = λ ∂qφ. (3.52)

The plastic multiplier λ as introduced in Definition (3.52) is computed from the consis-

tency condition φ̇ = 0. Analogous to standard plasticity theory, the evolution laws are

defined completely by means of the yield function, if the postulate of maximum dissipa-

tion is enforced. Non-associative material models can be derived in a similar manner. For

that purpose, two additional potentials g = g(T̄
+
, q) and h = h(T̄

+
, q) are introduced

and the evolution equations are specified by

J̇ = λ ∂
T̄

+g, α̇ = λ ∂qh. (3.53)

For the yield function (3.50), the respective associative evolution equations are contained

in [Mosler 2005b].

The singular surface ∂sΩ has been postulated to be time invariant, i. e., Ṅ = 0. Conse-

quently,

φ(T̄
+
, q) = φ∗(C̄ · S, q), with φ∗(A, b) := φ(A ·N , b). (3.54)

Hence, equivalently to Eq. (3.53)1, the evolution law

J̇ ⊗N = λ ∂C̄·Sg
∗ (3.55)

can be derived. Thus, the space of admissible stresses is formulated in terms of Mandel-

stresses and the evolution law associated with inelastic deformations governs the inelastic

velocity gradient L̃. As a result, the constitutive equations describing the localized inelas-

tic part of the deformation are formally identical to those known from standard plasticity

(compare to Section 2.4).

In the following sections, the condition of traction continuity will be replaced by the more

general type of equations φ(T̄
+
, q) or φ∗(C̄ ·S, q). Consequently, T |∂sΩ is included in the

stress-like variable q. Hence, without risk of confusion, the + sign indicating the right

hand side limit is omitted, i. e., T̄ := T̄
+
.

Remark 3.2.2.1 The inelastic displacements J can be of plastic nature or damage-

induced. Thus, the presented constitutive framework holds also for a broad range of

damage-type models. If damage accumulation is to be modeled, one part of the inelas-

tic strains has to be connected to the elastic material properties, cf. [Mosler & Bruhns

2004; Mosler 2005e].
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κ = 100

κ = 0.01

κ = 1.0

T̄n

T̄
(1)
m

T̄
(2)
m

Figure 3.2: 3-D constitutive model for the analysis of mixed-mode material failure (n =

2): yield surface φ = 0 in the T̄n-T̄
(1)
m -T̄

(2)
m -space for different values of κ (see

Eq. (3.59))

Remark 3.2.2.2 Introducing an equivalent stress measure denoted as T̄eq(T̄ ) isotropic

hardening/softening can be modeled by

φ(T̄ , q) = T̄eq(T̄ )− T̄ ini
eq − q(α), (3.56)

cf. Eq. (3.50). Kinematic hardening/softening can be accounted for by using

φ(T̄ , q) = T̄eq(T̄ − q)− T̄ ini
eq , (3.57)

where q is a back-stress vector and T̄ ini
eq is associated with the elastic space of the virgin ma-

terial. If T̄eq is a positively homogeneous function of degree one and associative evolution

equations are assumed, both models (Eq. (3.56) and (3.57)) yield a positive dissipation,

i. e.,

D = λ T̄ ini
eq δs. (3.58)

Remark 3.2.2.3 A class of mixed mode models suitable for the analysis of cracking in

brittle structures is defined by the yield function

φ(T̄ , q) =
(
T̄ ·N

)
+ κ ||T̄ m||2n − q(α), (3.59)

cf. [Mosler 2005d]. The material parameter κ controls the interaction between normal

and shear stresses. Introducing a cartesian coordinate system by its defining vectors N

M (1) and M (2), the yield surface φ = 0 is illustrated in Fig. 3.2.
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3.3 Numerical implementation

This section contains the numerical implementation of the kinematics as proposed in

Section 3.1.3 as well as the constitutive equations presented in Section 3.2. Referring to

the yield function φ, the evolution equations and the type of finite elements, no special

assumption has to be made. Hence, the model as described in this section holds for a

broad range of different constitutive models and can be applied to a variety of different

problems.

To the best knowledge of the author, with the exception of the work [Borja 2002], all

other geometrically exact embedded strong discontinuity models in the sense of [Simo,

Oliver & Armero 1993; Simo & Oliver 1994] such as [Armero & Garikipati

1996; Larsson, Steinmann & Runesson 1998; Armero 1999; Oliver, Huespe,

Pulido & Samaniego 2003; Gasser & Holzapfel 2003; Callari & Armero

2004] are based on the static condensation technique. In contrast to this procedure,

[Borja 2002] proposed a finite element formulation in which the degrees of freedom

characterizing the displacement discontinuity are condensed out at the material level.

In the case of infinitesimal deformations, this approach was presented in [Borja 2000;

Mosler & Meschke 2000; Mosler & Meschke 2001]. However, the work [Borja

2002] is restricted to constant strain triangle elements. Furthermore, the displacement

jump is assumed to represent a purely sliding deformation, i. e., J = ζ M , with N ·M = 0

and ζ denoting the amplitude of the displacement discontinuity. Evidently, the underlying

kinematics cannot capture mode-I or mixed-mode failure. In the two-dimensional case,

these kinematics result in Ṁ = 0. Consequently, the scalar ζ is the only unknown variable

associated with the displacement jump. Additionally, for a purely sliding deformation in

2D, the identity
F̄ ·M
||F̄ ·M ||2

=
F̂ ·M
||F̂ ·M ||2

(3.60)

holds, cf. Eq. (3.14). Hence, the tangential vector which defines the direction of the

displacement jump depends only on the known (in the case of displacement-based fi-

nite elements) compatible deformation field û. Both simplifications, i. e., Ṁ = 0 and

Eq. (3.60), have been included in the numerical model as proposed in [Borja 2002].

However, even for a vanishing normal component of the displacement jump (J ·N = 0),

which is a very restrictive assumption, Ṁ = 0 is not fulfilled in 3D in general. As a conse-

quence, the extension of the model [Borja 2002] to a fully three-dimensional framework

is not a straightforward task.

In this section a novel geometrically exact three-dimensional finite element formulation

based on the SDA is presented. The approach is characterized by the following properties:

• A broad range of different constitutive interface models can be applied. Arbitrary

yield functions and non-associative evolution equations can be implemented consis-

tently.
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• The model is not restricted to a certain type of finite elements. Higher-order three-

dimensional formulations can be used as well.

• The implementation is formally identical to that of standard multiplicative plasticity

and hence, existing subroutines can be employed.

• The proposed method is equivalent to the original SDA by [Simo, Oliver &

Armero 1993] (see also [Armero & Garikipati 1996]). Only the algorithmic

formulation is different.

For the geometrically linearized theory, a finite element model showing the enumerated

properties was proposed in [Mosler 2005b]. In this respect, the implementation of the

SDA as explained in this section can be understood as the generalization of the framework

advocated in [Mosler 2005b].

In what follows, the fundamentals concerning the novel numerical model are described

first. For that purpose, the finite element formulation in [Garikipati 1996; Armero

& Garikipati 1996] which represents the first published work on embedded strong

discontinuities within a finite strain setting is summarized briefly. Subsequently, the new

finite element formulation will be explained.

3.3.1 Fundamentals

The additive decomposition of the deformation gradient according to Eq. (3.18) is formally

identical to that of the well-known EAS concept [Simo & Rifai 1990; Simo, Armero

& Taylor 1993]. Hence, the implementation of most finite element models dealing with

embedded strong discontinuities such as [Simo, Oliver & Armero 1993; Simo &

Oliver 1994; Armero & Garikipati 1996; Larsson, Steinmann & Runesson

1998; Armero 1999; Oliver, Huespe, Pulido & Samaniego 2003; Gasser &

Holzapfel 2003; Callari & Armero 2004] is identical to that applied in the original

EAS concept. More specifically, the stationarity conditions of the respective two field

functional ∫
Ωe

GRADη0 : P dV =

∫
Ωe

ρ0 B · η0 dV +

∫
∂2Ω

T ∗ · η0 dA (3.61)

and ∫
Ωe

Ĥ : P dV = 0 (3.62)

depending on the displacement fields û and [[u]] build the starting point of the numerical

model. In Eqs. (3.61) and (3.62), η0, ρ0 B and T ∗ denote a continuous test function, body

forces and prescribed traction vectors acting on the Neumann boundary ∂2Ω, respectively.
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The approximations of the kinematics are those contained in Subsection 3.1.3. Following

the EAS concept, the test functions are chosen as

η0 =

nnode∑
i

Ni ηe
i . (3.63)

By designing the variation Ĥ of the enhanced displacement gradient according to [Ga-

rikipati 1996; Armero & Garikipati 1996], namely

Ĥ := − 1

V e
β ⊗N +

1

As

β ⊗N δs, (3.64)

the L2-orthogonality condition (3.62) is equivalent to the weak form of traction continuity

1

V e

∫
Ωe

P ·N dV =
1

As

∫
∂sΩ

T s dA (3.65)

where V e, As and β represent the volume of the finite element e, the volume of the

localization surface, i. e., As :=
∫

∂sΩ
dA, and the variations of the displacement jump

[[u]], respectively. For further details, refer to [Simo & Oliver 1994; Oliver 1996]

(see also Remark 3.3.1.1). Since the material displacement jump J does not appear

explicitly in the formulation, but the displacement jump [[u]], a material law of the type

T s = T s([[u]]) is frequently applied, see [Gasser & Holzapfel 2003] and [Garikipati

1996] (Appendix). The implementation of an interface law in terms of J and T̄ was

suggested in [Larsson & Jansson 2002]. However, the model proposed in the cited

paper is based on an interface element with regularized strong discontinuities. Following

the EAS concept, the solution associated with Eqs. (3.61) and (3.62) is computed by

solving both equation simultaneously, cf. [Simo & Armero 1992].

In the present work, a different solution strategy is proposed. For the development of this

model, the average value of T = P ·N is introduced via

ave(T ) :=
1

V e

∫
Ωe

P ·N dV. (3.66)

Since T s = T s([[u]]) and [[u]] has been assumed spatially constant within the respective

finite element (GRAD [[u]] = 0), the right hand side of Eq. (3.65) simplifies to

1

As

∫
∂sΩ

T s dA = T s. (3.67)

As a consequence, Eq. (3.65) can be re-written as

φ = ||ave(T )− T s|| = 0. (3.68)
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For further details, refer to [Mosler 2005b; Mosler 2004]. Clearly, Eq. (3.68) is

equivalent to

φ = ||ave(T̄ )− T̄ s|| = 0 (3.69)

depending on vectors defined on the intermediate configuration. According to Subsec-

tion 3.2.2, this equation results in

φ(ave(T̄ ), q) ≤ 0. (3.70)

In the case of constant strain elements, i. e., GRADû = const (with respect to X),

which will be considered in Subsections 3.3.2 – 3.3.4, GRADϕ = const, and consequently,

F̄ = const. Hence, C̄ = const and S = const as well, leading to T̄ = const. As a result,

ave(T̄ ) = T̄ and the weak form of traction continuity is equivalent to the strong form

φ(T̄ , q) ≤ 0. (3.71)

Consequently, in the case of loading (λ > 0), the stationarity conditions (3.61) and (3.62)

are equivalent to the set of equations∫
Ωe

GRADη0 : P dV =

∫
Ωe

B · η0 dV +

∫
∂2Ω

T ∗ · η0 dA

φ(T̄ , q) = 0.

(3.72)

The extensions necessary for the more general case, i. e., non constant strain elements,

are discussed in Subsection 3.3.5.

Evidently, Eqs. (3.72) show the structure of standard (local) finite element models for

finite strain plasticity theory. Thus, according to computational plasticity [Simo 1998;

Simo & Hughes 1998], the problem defined by means of Eqs. (3.72) is solved in two

steps. At first, if inelastic loading is signaled, the condition of traction continuity (3.72)2

is solved (for fixed û). Subsequently, the solution of Eq. (3.72)1 is computed. It should be

noted that despite the procedure described is not standard in finite element formulations

based on the EAS concept, a similar strategy, namely a staggered solution scheme, has

been successfully applied before, cf. [Simo, Armero & Taylor 1993]. However, with

the exception that one of the algorithms proposed in [Simo, Armero & Taylor 1993]

is based on a staggered solution scheme as well, the numerical implementation presented

in this work is significantly different.

Remark 3.3.1.1 By construction, the incompatible part of the displacement gradient be-

longs to the space

H = {[[u]]⊗N δs − [[u]]⊗GRADϕ | [[u]] ·N ≥ 0} . (3.73)

Clearly, since Ĥ has been designed such that the L2-orthogonality condition is equivalent to

the strong form of the traction continuity for the average stresses, Ĥ /∈ H, cf. Eq. (3.64).
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Consequently, the proposed model is a Petrov-Galerkin approach. As a result, even if

the evolution equations are governed by the postulate of maximum dissipation, a variational

structure such as described in Section 2.5 cannot be derived for the models presented in

this subsection.

However, according to [Simo & Oliver 1994], a standard Bubnov-Galerkin approx-

imation of the type

u = ū + [[u]] (Hs − ϕ) η0 = η̄0 + β (Hs − ϕ) (3.74)

implies the equilibrium conditions and the traction continuity, as well. Hence, it is rea-

sonable to assume that the solution obtained from the standard Bubnov-Galerkin ap-

proximation converges to the one predicted by the Petrov-Galerkin method. This

educated guess is verified by the numerical results in [Oliver, Huespe, Blanco &

Linero 2006]. Obviously, if a Bubnov-Galerkin formulation is applied, a material

model based on the postulate of maximum dissipation can be recast into a minimization

problem such as that described in Section 2.5. Hence, the adaptive strategies presented

in Chapters 4 – 6 which crucially depend on the variational structure of the underlying

physical problem can be used for the SDA as well.

It should be noted that the convergence rate of the Petrov-Galerkin-type SDA is,

in many cases, significantly better than that of the Bubnov-Galerkin approach, cf.

[Oliver, Huespe, Blanco & Linero 2006]. Consequently, the numerical implemen-

tation advocated in this section is based on a Petrov-Galerkin concept. However, only

minor modifications are necessary for the fully variationally consistent model.

3.3.2 Elastic unloading

At first, the solution associated with an elastic load step is computed, i. e., the inequality

φ(T̄ , q) ≤ 0 is assumed to hold within the considered time interval [tn, tn+1]. Thus,

Jn+1 = Jn, with (•)n := (•)|tn . (3.75)

Consequently, the elastic solution is computed from the weak form of equilibrium (3.72)1

subjected to the Constraint (3.75). Since the left hand side of Eq. (3.72)1 does not

represent the best choice for computational purposes, a standard transformation leading

to ∫
Ωe

GRADη0 : P dV =

∫
Ωe

gradη0 : τ dV, with grad(•) :=
∂(•)
∂X

· F̄−1
(3.76)
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is applied. Hence, the solution corresponding to an elastic load step is given by the

procedure
compute: ûn+1 under the constraints:∫
Ωe

gradη0 : τ dV =

∫
Ωe

B · η0 dV +

∫
∂2Ω

T ∗ · η0 dA

Jn+1 = Jn.

(3.77)

Analogous to standard displacement-based finite element formulations, ûn+1 is computed

by using a Newton-type iteration. For that purpose, the interpolations (3.63)1 resulting

in

gradη0 =

nnode∑
i=1

ηe
0 i ⊗GRADNi · F̄

−1
(3.78)

are inserted into Eq. (3.77)1 and the residual

RI =
nele

AAA
e = 1

∫
Ωe

[
GRADNi · F̄

−1
]
· τ dV

−
∫
Ωe

Ni B dV −
∫

∂2Ω

Ni T ∗ dA

(3.79)

is introduced. Following standard conventions in finite element methods, AAA denotes the

assembly of all element contributions at the local element node i to the global residual

at the global node I ∈ {1, . . . , ngl}. According to Newton’s method, the solution ûn+1

(more precisely, the increment ∆û) associated with RI = 0 (for all global node points I)

is obtained from the iterative scheme

RI |n + KIJ
∣∣
n

∆ûJ |n+1 = 0 ∀I = 1, . . . , ngl (3.80)

where KIJ denotes the components of the global stiffness matrix, i. e.,

KIJ =
∂RI

∂ûJ

, (3.81)

and ûJ represents the conforming part of the displacement field at global node J . Within

each iteration cycle, û is updated as ûn+1 = ûn + ∆ûn+1.

The residual RI depends on the regularly distributed part of the deformation gradient.

However, F̄ is not given explicitly. More precisely, it follows from the implicit equation

F̄ n+1 = 1 + GRADûn+1 − F̄ n+1 · Jn ⊗GRADϕ, (3.82)

cf. Eq. (3.19). Since Eq. (3.82) is linear in F̄ n+1 and the tuple (Jn, ûn+1) is given (in

displacement-based finite element formulations), the exact solution of Eq. (3.82) yields

F̄ n+1 = A−1 : [1 + GRADûn+1] , (3.83)
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with the fourth-order tensor A defined as

Aikpq := Iikpq + [Iijpq Jj GRADϕk]|tn . (3.84)

Next, the components of the stiffness matrix K are derived. Starting with the rate form

of Eq. (3.72)1, ∫
Ωe

GRADη0 : Ṗ dV =

∫
Ωe

Ḃ · η0 dV +

∫
∂2Ω

Ṫ
∗ · η0 dA = 0, (3.85)

together with the identity∫
Ωe

GRADη0 : Ṗ dV =

∫
Ωe

gradη0 :
[̄
l · τ + Lντ

]
dV (3.86)

which follows from standard algebraic manipulations, the rate form of the principle of

virtual work is re-written as∫
Ωe

gradη0 :
[̄
l · τ + Lντ

]
dV =

∫
Ωe

Ḃ · η0 dV +

∫
∂2Ω

Ṫ
∗ · η0 dA = 0. (3.87)

In Eq. (3.87), the Lie-type derivative

Lντ := F̄ · Ṡ · F̄ T
(3.88)

has been introduced. Using the rate form of the hyperelastic material law (3.38), i. e.,

Ṡ =
1

2
C : ˙̄C, with C = 4

∂2Ψreg

∂C̄ ⊗ ∂C̄
(3.89)

and applying the well-known identity

Lντ = c : l̄, with cabcd = F̄aA F̄bB F̄cC F̄dD CABCD, (3.90)

Eq. (3.87) yields∫
Ωe

gradη0 :
[̄
l · τ + c : l̄

]
dV =

∫
Ωe

Ḃ · η0 dV +

∫
∂2Ω

Ṫ
∗ · η0 dA = 0. (3.91)

Clearly, the only tensor in Eq. (3.91) which depends on the rate of the conforming dis-

placement field û is the regularly distributed part of the spatial velocity gradient l̄. In

the context of the iterative solution scheme according to Eq. (3.80), l̄ leads to

l̄ = dF̄ · F̄−1
, (3.92)

with the linearization

dF̄ =
∂F̄

∂û
·∆û. (3.93)
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By differentiating Eq. (3.83) for fixed J which results in

dF̄ n+1 = A−1 : GRAD∆ûn+1, (3.94)

Eq. (3.92) is re-written as

l̄ =
(
A−1 : GRAD∆ûn+1

)
· F̄−1

(3.95)

or equivalently,

l̄ = Le : GRAD∆ûn+1, with Le
ijkl = A−1

ipkl F̄
−1
pj . (3.96)

Based on Eq. (3.96), the rate form of the principle of virtual work (3.91), and consequently,

the stiffness matrix KIJ can be computed. It is obtained as

KIJ = KIJ
geo + KIJ

mat. (3.97)

In Eq. (3.97), KIJ
geo denotes the geometric stiffness matrix defined as

KIJ
geo =

nele

AAA
e = 1

∫
Ωe

[
GRADNi · F̄

−1
]
· τ

(2)
· Le ·GRADNjdV, (3.98)

and KIJ
mat represents the material tangent. It is computed according to

KIJ
mat =

nele

AAA
e = 1

∫
Ωe

[
GRADNi · F̄

−1
]

(2)
· c : Le ·GRADNjdV. (3.99)

The contractions applied in Eq. (3.98) and (3.99) are defined according to Remark 3.3.2.1.

It is obvious that now the operator AAA denotes the assembly of all element contributions

(e = 1, . . . , nele) at the local element nodes (i, j = 1, . . . , nnode) to the components of the

global stiffness matrix KIJ . Clearly, in the case of linearized kinematics, KIJ
geo = 0.

Remark 3.3.2.1 The notations
(i)
· and

(i)
: represent different type of contractions. i in-

dicates the first component of the tensor on the right hand side of
(i)
· or

(i)
: over which the

summation has to be performed, i. e., [a
(2)
· C]jkl = ai Cjikl and [A

(2)
: C]il = Ajk Cijkl.

Clearly, for i = 1 the standard contractions are obtained.

3.3.3 Inelastic loading

Next, the solution corresponding to an inelastic loading step, i. e., λ > 0 is addressed. At

first, according to the return-mapping algorithm [Simo 1998; Simo & Hughes 1998]
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(compare also to Subsection 2.4.3), a trial step characterized by purely elastic deformation

is defined as

λ = 0 ⇐⇒ J̇ = 0, α̇ = 0, q̇ = 0

=⇒ F̄
tr
n+1 = 1 + GRADûn+1 − F̄

tr
n+1 · Jn ⊗GRADϕ.

(3.100)

Clearly, F̄
tr
n+1 is computed by applying Eq. (3.83). With F̄

tr
n+1 the right Cauchy-Green

trial tensor C̄
tr
n+1 and the second Piola-Kirchhoff trial stresses Str

n+1 are introduced

in standard manner. This leads to the trial stress vector

T̄
tr
n+1 = C̄

tr
n+1 · Str

n+1 ·N . (3.101)

As a consequence, the discrete loading condition is given as

φtr := φ(T̄
tr
n+1, q

tr
n+1) > 0, with qtr

n+1 = qn. (3.102)

In the case φtr ≤ 0, i. e., a purely elastic loading step, the material response is computed

according to Subsection 3.3.2. Otherwise, if inelastic loading is signaled by φtr > 0,

a return-mapping algorithm is performed, cf. Subsection 2.4.3. At first, a backward-

Euler integration is applied to the evolution Eqs. (3.53). Hence, the displacement jump

(more precisely, its material counterpart) and the internal displacement-like variable α at

time tn+1 are computed as

Jn+1 = Jn + ∆λn+1 ∂T̄ g|n+1, αn+1 = αn + ∆λn+1 ∂qh|n+1, (3.103)

with ∆λn+1 := λn+1 (tn+1 − tn). Evidently, by using a backward-Euler integration, the

differential equations characterizing the solution of an inelastic load step are transformed

into a set of nonlinear algebraic equation. This is solved by means of Newton’s method.

For that purpose, the residuals

R :=

{
RJ

Rα

}
:=

{
−Jn+1 + Jn + ∆λn+1 ∂T̄ g|n+1

−αn+1 + αn + ∆λn+1 ∂qh|n+1

}
(3.104)

are introduced. As a consequence, the solution associated with an inelastic load step is

computed from the algebraic problem

R = 0 ∧ φn+1 = 0. (3.105)

According to Newton’s method, the linearizations of Eqs. (3.105) are required. After

some algebraic manipulations, they result in

dR = A−1 ∆ + d∆λn+1 ∇M, dφ = ∇φ ·∆ (3.106)

where the notations

A−1 :=

[
AJ−1

+ ∆λ ∂2
T̄⊗T̄ g ∆λn+1 ∂

2
T̄⊗qg

∆λ ∂2
q⊗T̄h D−1 + ∆λ∂2

q⊗qh

]∣∣∣∣∣
n+1

, D := − ∂q
∂α

(3.107)
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and

∆T :=
[
dT̄ ; dq

]∣∣
n+1

, ∇MT := [∂T̄ g; ∂qh]|n+1 , ∇φT := [∂T̄φ; ∂qφ]|n+1 (3.108)

have been used. The second-order tensor AJ connects the rate of the material displace-

ment jump J to the rate of the traction vector T̄ for a fixed compatible displacement

field û. The identity dT̄ = −AJ · dJ is derived in [Mosler 2005a].

Based on Eqs. (3.105) and (3.106), the increment of the plastic multiplier during an

iteration cycle is computed in matrix notation as

d∆λn+1 =
φn+1 −∇φT A R

∇φT A ∇M
⇒ ∆λn+1 = ∆λn + d∆λn+1. (3.109)

Note that the updated deformation gradient F̄ (∆û = 0 during an iteration cycle) follows

from Eq. (3.83).

Remark 3.3.3.1 According to Section 3.2.2, the constitutive laws governing cohesive

models can be re-written into a format fully identical to classical (local) continuum models

as those discussed in Chapter 2. In the present paragraph it has been shown that this

analogy holds for the numerical implementation as well, cf. Subsection 2.4.3. Due to this

similarity, subroutines originally designed for standard continuum models can be used for

cohesive finite element formulations with only minor modifications necessary.

Remark 3.3.3.2 According to Eq. (3.106), the linearizations have been computed with

respect to T̄ , q and ∆λ. Clearly, instead of choosing T̄ as an independent variable, the

Mandel-type stresses C̄ · S may be used. That way, the proposed return-mapping algo-

rithm becomes formally identical to that of classical multiplicative plasticity theory. How-

ever, in this case, the dimension of the residuals increases from dim T̄ +dim q+dim ∆λ =

n + 4 to dim(C̄ · S) + dim q + dim ∆λ = 10 + n. Particularly, for isotropic softening

(dim q = 1) which is considered in the numerical example presented in Section 3.6, the

number of algebraic equations increases by more than a factor of 2. As a consequence,

this alternative formulation has not been chosen.

3.3.4 Linearization

This subsection contains the consistent linearization of the algorithm necessary for an

asymptotic quadratic convergence, cf. [Simo & Hughes 1998]. For fully elastic unload-

ing, this linearization has been given in Subsection 3.3.2. Next, attention is restricted to

an inelastic loading step, i. e., λ > 0.

By applying the return-mapping algorithm as proposed in Subsection 3.3.3, the regularly

distributed part of the deformation gradient F̄ , the stresses τ or S and the elastic moduli c

(see Eq. (3.90)) are computed. Hence, with the exception of the spatial velocity gradient l̄,

all variables appearing in the rate form of equilibrium (3.91) are known. More precisely,
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only the fourth-order tensor Le which is necessary for the computation of the stiffness

matrices (3.98) and (3.99) has to be derived. All other variables involved in Eqs. (3.98)

and (3.99) are already well defined. Since now attention is restricted to an inelastic loading

step, the fourth-oder tensor Le is renamed as Li.

According to Eq. (3.82), the linearization of the regularly distributed part of the defor-

mation gradient yields

dF̄ = GRAD∆û− dF̄ · J ⊗GRADϕ− F̄ · dJ ⊗GRADϕ. (3.110)

Consequently, dF̄ is obtained as

dF̄ = dF̄
∣∣
J=const

+ dF̄
∣∣
û=const

= A−1 :
[
GRAD∆û− F̄ · dJ ⊗GRADϕ

]
.

(3.111)

Clearly, dF̄ |J=const represents the linearization associated with a fully elastic load step,

cf. Subsection 3.3.2. However, the linearization dJ defining dF̄ |û=const is unknown so far.

It follows from the return-mapping algorithm.

At a converged state of the return-mapping algorithm, characterized by R = 0 and

φ = 0 (cf. Subsection 3.3.3) the linearization of J with respect to T̄ , q and ∆λ results

from dR = 0 and dφ = 0 (see Eq. (3.106)). Evidently, the goal of this paragraph is

to linearize J with respect to the primary variable û. For that purpose, the standard

procedure known from computational plasticity theory is borrowed, cf. [Simo 1998; Simo

& Hughes 1998].

By applying the chain rule

dT̄ =
∂T̄

∂C̄
:
∂C̄

∂F̄
:
[
dF̄
∣∣
J=const

+ dF̄
∣∣
û=const

]
(3.112)

and inserting the linearization of J with respect to T̄ , q and ∆λ, together with AC :=

∂T̄ /∂C̄, T := ∂C̄/∂F̄ and AJ := −∂T̄ /∂J according to [Mosler 2005a], Eq. (3.112)

is re-written as

dT̄ = AC : T : A−1 : GRAD∆û−AJ · dJ

= AC : T : A−1 : GRAD∆û−AJ ·
[
d∆λ ∂T̄ g + ∆λ ∂2

T̄⊗T̄ g : dT̄

+∆λ ∂2
T̄⊗qg : dq

]
.

(3.113)

With the matrix A according to Eq. (3.107), the increment of the stress vector T̄ and

that of the internal variables q are re-written in matrix notation as

A−1 ∆ =

[
AJ−1 · AC : T : A−1 : GRAD∆û

0

]
− d∆λ ∇M. (3.114)
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Pre-multiplying Eq. (3.114) by ∇φT A and considering dφ = ∇φT ∆ = 0, the lineariza-

tion of the plastic multiplier with respect to the primary variable û is obtained as

d∆λ =

∇φT A

[
AJ−1 · AC : T : A−1 : GRAD∆û

0

]
∇φT A ∇M

=

[
∂T̄φ ·A[11] + ∂qφ ·A[21]

]
·AJ−1 · AC : T : A−1

∇φT A ∇M
: GRAD∆û

(3.115)

where A[ij] denotes the submatrix ij of the hypermatrix A. Clearly, this equation is

formally identical to that of the standard return-mapping algorithm, cf. [Simo 1998;

Simo & Hughes 1998].

Next, the linearizations of T̄ and q with respect to the primary variable û are computed.

By inserting Eq. (3.115) into Eq. (3.114) and pre-multiplying Eq. (3.114) by A, these

linearizations are given as

dT̄ = A[11] ·AJ−1 · AC : T : A−1 : GRAD∆û

−

([
∂T̄φ ·A[11] + ∂qφ ·A[21]

]
·AJ−1 · AC : T : A−1

∇φT A ∇M
: GRAD∆û

)
(

A[11] · ∂T̄ g + A[12] · ∂qh

) (3.116)

and

dq = A[21] ·AJ−1 · AC : T : A−1 : GRAD∆û

−

([
∂T̄φ ·A[11] + ∂qφ ·A[21]

]
·AJ−1 · AC : T : A−1

∇φT A ∇M
: GRAD∆û

)
(

A[21] · ∂T̄ g + A[22] · ∂qh

)
.

(3.117)

Finally, the linearization of J with respect to the primary variable û is obtained by

inserting Eqs. (3.115)-(3.117) into

dJ = d∆λ ∂T̄ g + ∆λ ∂2
T̄⊗T̄ g · dT̄ + ∆λ ∂2

T̄⊗qg · dq. (3.118)

This leads to

dJ = J : GRAD∆û. (3.119)

The third-oder tensor J is given in the [Mosler 2005a].
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Now, the linearization of F̄ can be computed. With Eq. (3.119), Eq. (3.111) is re-written

as

dF̄ =
[
A−1 −

(
A−1 ·GRADϕ

)
· F̄ · J

]︸ ︷︷ ︸
=: P

: GRAD∆û. (3.120)

Hence, Li is obtained as

l̄ = Li : GRAD∆ûn+1, with Li
ijkl = Pipkl F̄

−1
pj , (3.121)

cf. Eq. (3.96). As a consequence, the geometric stiffness matrix results in

KIJ
geo =

nele

AAA
e = 1

∫
Ωe

[
GRADNi · F̄

−1
]
· τ

(2)
· Li ·GRADNjdV (3.122)

and the material tangent is given as

KIJ
mat =

nele

AAA
e = 1

∫
Ωe

[
GRADNi · F̄

−1
]

(2)
· c : Li ·GRADNjdV (3.123)

(compare Eqs. (3.122) and (3.123) to Eqs. (3.98) and (3.99)).

Remark 3.3.4.1 In the case of a constant direction of the material displacement jump,

i. e., an evolution equation of the type

J̇ = λ M , with Ṁ = 0, (3.124)

together with an isotropic softening response, the algorithmic formulation presented can

be significantly simplified, cf. [Mosler 2005a].

3.3.5 Extension to higher order elements

In Subsections 3.3.2 – 3.3.4, the numerical implementation associated with constant strain

elements has been presented. Now, the more general case is discussed. However, since

the extensions necessary for higher order elements are relatively straightforward, the re-

spective modifications of the algorithm are described in a brief manner. In the case of

linearized kinematics, more details can be found in [Mosler 2005b].

According to Subsection 3.3.1, for non constant strain elements, the restriction imposed

by the weak form of traction continuity across ∂sΩ reads

φ(ave(T̄ ), q) ≤ 0 (3.125)

with the average operator ave(•) defined by Eq. (3.66). Following the arguments as

presented in Subsection 3.2.2, the evolution equations corresponding to the traction-

separation law are obtained as

J̇ = λ ∂ave(T̄ )g

α̇ = λ ∂qh.
(3.126)
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Analogous to the yield function, the two potentials g(ave(T̄ ), q) and h(ave(T̄ ), q) depend

now on the average stress vector ave(T̄ ), see [Mosler 2005b]. Clearly, the identity

ave(T̄ ) = ave(C̄ · S) ·N (3.127)

holds.

Next, the modifications of the kinematics necessary for higher order elements are ex-

plained. All finite element formulations based on the strong discontinuity approach are

based on the assumption ∂ [[u]] /∂X = 0, cf. [Simo & Oliver 1994; Oliver 1996;

Armero & Garikipati 1996; Larrson & Runesson 1996; Armero 1999; Borja

2000; Wells & Sluys 2001c; Jirásek & Zimmermann 2001]. This condition is

enforced for higher order elements as well. Clearly, instead of describing the kinematics

in terms of [[u]] one can alternatively use its material counterpart J . In this case, it is

canonical to enforce the equivalent constraint ∂J/∂X = 0. Combining these assumptions

and computing the push forward of J in an average form, results in the transformation

[[u]] = ave(F̄ ) · J . (3.128)

A similar argument leading to Eq. (3.128) was recently proposed by [Callari & Armero

2004]. Using Eq. (3.128), the trial state of the deformation gradient at time tn+1 is

computed as

F̄
tr
n+1 = 1 + GRADûn+1 − ave

(
F̄

tr
n+1

)
· Jn︸ ︷︷ ︸

[[u]]trn+1

⊗GRADϕ, (3.129)

compare to Eq. (3.82). From the average counterpart of Eq. (3.129), the average trial

deformation gradient is obtained as

ave(F tr
n+1) = ave(A)−1 : [1 + ave(GRADûn+1)] , (3.130)

with ave(A) according to Eq. (3.84) (ûn+1 and Jn are known). By inserting Eq. (3.130)

into Eq. (3.129), the local trial deformation gradient can be computed. As a consequence,

the local trial stresses and the discrete loading condition φ(ave(T̄
tr
n+1, qn) are well defined.

For the neo-Hookean hyperelastic material according to Potential (2.30), the average

Mandel stresses are computed as

ave(C̄ · S) = λ
ave (J2)− 1

2
1 + µ

(
ave
(
C̄
)
− 1
)
. (3.131)

3.3.5.1 Elastic unloading

Clearly, if φ(ave(T̄
tr
n+1, qn) ≤ 0, the solution corresponding to the trial state is already

the final solution. In this case, the residuals RI according to Eq. (3.79) can be computed

directly.
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Except for the regularly distributed part of the spatial velocity gradient l̄, all other vari-

ables necessary to obtain the stiffness matrix are known, compare to Eq. (3.91). Hence,

the linearization of F̄ with respect to û is required. By linearizing Eq. (3.130) and in-

serting the result into the linearization of Eq. (3.129), the final solution reads

dF̄ n+1 = GRAD∆ûn+1 −
[
ave(A)−1 : ave (GRAD∆ûn+1)

]
· Jn ⊗GRADϕ. (3.132)

3.3.5.2 Inelastic loading

If an inelastic load step is signaled by φ(ave(T̄
tr
n+1), qn) > 0, a backward-Euler integra-

tion is applied to Eqs. (3.126) and the solution of the resulting nonlinear set of algebraic

Eqs. (3.105) is computed by means of Newton’s method. However, in contrast to con-

stant strain elements, the independent variables are now ave(T̄ ), q, ∆λ. Hence, all partial

derivatives with respect to T̄ in Subsection (3.3.3) have to be replaced by derivatives with

respect to ave(T̄ ). Since the potentials g and h and the yield function φ are formulated in

terms of ave(T̄ ) (instead of the local stress vector T̄ ), these derivatives can be computed

easily.

The only significant difference between the return-mapping algorithm for constant strain

elements and that for higher order elements results from the linearization of the aver-

age traction vector with respect to J (instead of dT̄ = −AJ : dJ , for constant strain

elements). However, since

d
[
ave(T̄ )

]
=

1

V e

∫
Ωe

d
(
C̄ · S

)
·N dV, (3.133)

only the local linearization d
(
C̄ · S

)
is required. Hence, by applying the equations pre-

sented in [Mosler 2005a], the identity

d
(
C̄ · S

)
·N = AC : T : dF̄ (3.134)

with AC = ∂T̄ /∂C and T = ∂C̄/∂F̄ is derived. Unfortunately, the linearization of F̄

with respect to J for constant strain elements differs from that for higher order elements.

However, linearizing the average counterpart of Eq. (3.129) with respect to J (for fixed

û), leads to

d
[
ave(F̄ )

]
= −G̃ · dJ , (3.135)

with

G̃ = ave(A)−1 : P̃ , P̃ijk = ave(F̄ik) ave(GRADϕj) (3.136)

(compare to Step 3 in the Appendix of [Mosler 2005a]). Finally, the linearization of

the local deformation gradient with respect to J is obtained as

dF̄ =
(
G̃ · dJ

)
· J ⊗GRADϕ− ave(F̄ ) · dJ ⊗GRADϕ =: Ĝ · dJ . (3.137)
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As a consequence, Eq. (3.133) yields

d
[
ave(T̄ )

]
= ave

[
AC : T : Ĝ

]
· dJ . (3.138)

Now, all linearizations necessary for the return-mapping algorithm have been derived.

Remark 3.3.5.1 The computation of the stiffness matrix for higher order elements is not

presented in detail in this work. However, all linearizations necessary for that purpose

have been given in this subsection.

Remark 3.3.5.2 According to Eq. (3.132), the linearization of a variable with respect

to the conforming displacement field û consists, in general, of two parts. One is associ-

ated with the local displacement gradient and one corresponds to its average counterpart.

Hence, the resulting stiffness matrix shows a similar decomposition. For linearized kine-

matics, details can be found in [Mosler 2004; Mosler 2005b].

3.4 Computation of the normal vector

In the previous sections, the kinematics as well as the constitutive equations associated

with the SDA, together with their implementation, have been presented. However, the

topology, or more precisely, the orientation of the surface ∂sΩ has been regarded as known.

Hence, in this subsection, the normal vector N will be computed.

In the literature, different criteria for the prediction of the formation and the orientation

of a surface at which the displacement field or its derivatives are not continuous can be

found. Such surfaces are called singular surfaces, cf. [Fetecau, Marsden & West

2003]. In this connection, the order of a singular surface is defined by the lowest order

of the derivatives of the deformation map that suffer a non-zero jump across this surface.

Hence, discontinuous displacement fields, i. e., strong discontinuities, belong to the set

of singular surfaces of order zero. For a singular surface of order one the deformation

mapping, i. e., the displacement field, is continuous, but its first-order derivatives (the

velocity or the deformation gradient) are discontinuous. In the case of jumps in the field

of the deformation gradient, these surfaces are referred to as weak discontinuities. Further

details are addressed in [Mosler 2005c].

The problem discussed in this section is closely related to the classical bifurcation analysis

in the sense of [Hadamard 1903], cf. [Rudnicki & Rice 1975; Rice 1976; Maier

& Hueckel 1979; Raniecki & Bruhns 1981; Marsden & Hughes 1994]. The

questions of interest are: 1.) When does a continuous deformation map bifurcate into a

discontinuous one? 2.) What is the orientation of the resulting surface of discontinuous

displacements?
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In the literature, different methods of resolution can be found. They may be classified

according to:

• Energy-based criteria such as the maximum energy release rate criterion suggested

by [Nuismer 1975] or the minimum strain-energy density criterion presented by

[Sih 1974]. For a modified Griffith’s criterion, refer to [Francfort & Marigo

1998].

• Stress-based criteria such as the maximum circumferential stress criterion proposed

by [Erdogan & Sih 1963], cf. [Moës, Dolbow & Belytschko 1999], or the

maximum principal stress direction, see [Wells & Sluys 2001b], [Jirásek &

Zimmermann 2001]. These concepts are closely related to linear fracture mechan-

ics.

• Strain-based criteria such as that presented by [Geers, Peijs & Brekelmans

1996] which is based on the direction of maximum accumulation of the non-local

equivalent strain, cf. [Simone, Wells & Sluys 2003].

• Transition from weak to strong discontinuities: [Oliver 1998; Oliver, Cervera

& Manzoli 1999; Oliver, Huespe, Pulido & Samaniego 2003] embedded a

weak discontinuity (jump in the strain field) into the respective finite element when

the classical bifurcation criterion was fulfilled. By assuming an evolution law for the

width of the softening zone, the transition to a strong discontinuity was achieved.

• Bifurcation analysis according to [Simo, Oliver & Armero 1993; Simo &

Oliver 1994; Oliver & Simo 1994]. In these references, the authors ana-

lyzed the condition necessary for a formation of a strong discontinuity in a classical

rate-independent (local) continuum.

It should be noted that the given list is not exhaustive. Since this chapter deals exclusively

with the formation and propagation of strong discontinuities, the idea proposed by Simo

and co-workers seems to be most canonical. It will be described briefly in the following

subsection.

3.4.1 Formation of discontinuities in rate independent media

In [Simo, Oliver & Armero 1993], the authors derived conditions associated with the

transition of a continuous deformation mapping into a discontinuous one. The analysis

presented in the cited work is restricted to the geometrically linearized theory. For finite

strains and arbitrary material symmetries, the generalizations may be found in [Mosler

2005c]. It will be shown that the equations characterizing the aforementioned transition

are formally identical to the Legendre-Hadamard conditions dating back to the early
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20th century, cf. [Hadamard 1903]. For this reason, the classical conditions are briefly

discussed first.

According to [Rudnicki & Rice 1975; Rice & Rudnicki 1980; Raniecki & Bruhns

1981], the classical localization condition corresponds to the development of weak discon-

tinuities, i. e., the transition of a deformation mapping showing a continuous deformation

gradient into one with F /∈ C is considered. Consequently, the local deformation at the

time of bifurcation is of the type

F ∈ C, Ḟ /∈ C. (3.139)

Assuming Ḟ is only discontinuous on the material surface ∂sΩ, the Hadamard compat-

ibility condition states that F + and F− defined by Eq. (3.3) have to map all vectors

tangent to ∂sΩ into the same spatial vectors. Clearly, this requires[[
Ḟ
]]

= m⊗N (3.140)

with N denoting the normal vector of ∂sΩ and m defines the jump direction, cf. [Ortiz

2003]. With Eq. (3.140), the equilibrium condition at the interface reads[[
Ṫ
]]

= Ṫ
+ − Ṫ

−
=
(
Ṗ

+ − Ṗ
−) ·N =

(
N

(2)
· CT ·N

)
︸ ︷︷ ︸

=: Q

·m = 0. (3.141)

Here, the contraction according to Remark 3.3.2.1 has been applied, CT = dP /dF and

Q represents the acoustic tensor. Additionally, it has been assumed that [[CT ]] = 0. This

constraint is reasonable, since a discontinuity based on the condition [[CT ]] 6= 0 cannot

form before one with [[CT ]] = 0, [Rice & Rudnicki 1980]. The non-trivial solution of

Eq. (3.141) yields

det Q(N ) = 0. (3.142)

The normal vector N follows from the localization condition (3.142). Once N is known,

m can be computed according to

m ∈ ker Q(N ). (3.143)

In the case of the bifurcation condition in the sense of [Simo, Oliver & Armero 1993],

the transition of ϕ ∈ C into ϕ /∈ C is considered (strong discontinuities). Analogous

as before, the singular surface where the jump occurs is denoted as ∂sΩ. The crucial

observation made by [Simo, Oliver & Armero 1993] is that the stress vector acting

in ∂sΩ is not allowed to be a singular distribution, if traction continuity across ∂sΩ is

postulated. This restriction is obvious, since the stresses in Ω± result from continuous

deformation mappings and hence, they are regular distributions. Following [Mosler

2005c], this restriction can be written into the format

dirac

[
Ṫ

+ − Ṫ
∣∣∣
∂sΩ

]
= 0, with ϕ ∈ C, ϕ̇ /∈ C. (3.144)
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Here, the Dirac mapping is defined as

dirac :
(R3)Ω → (R3)Ω

f 7→ χDIR f
(3.145)

and χDIR represents the characteristic mapping of the set of singular distributions, cf.

[Mosler 2005c]. Note that condition (3.144) and (3.141) look formally identical, al-

though they are associated with different physical problems. Clearly, since T + is regularly

distributed, Eq. (3.144) is equivalent to dirac[Ṫ |∂sΩ] = 0.

The computation of the condition dirac[Ṫ |∂sΩ] = 0 depends, apparently, on the material

model considered. In [Mosler 2005c], a Green-Naghdi-type finite strain plasticity

theory (cf. page 26) allowing for the modeling of arbitrary material symmetries is con-

sidered. For the derivation of the localization condition the following properties are of

utmost importance:

• At the time of bifurcation, dirac[Ḟ ] = [[u̇]]⊗N δs, cf. Eq. (3.9).

• The internal stress-like variables are bounded and hence, dirac[Q] = 0.

• In the case of plasticity theories formulated in stress space, φ is stress-like and

consequently, dirac[φ̇] = 0.

Without going too much into detail, the enumerated properties require the plastic multi-

plier to be a singular distribution, i. e., dirac[λ] 6= 0. It should be noted that the regularly

distributed part of λ is not important for the bifurcation analysis. More precisely, the as-

sumption that the regular part of λ is zero, as postulated in [Simo, Oliver & Armero

1993], is not necessary, cf. [Mosler 2005c]. Inserting the singular part of the plastic

multiplier into Eq. (3.144) leads finally to the localization condition

Qperf(N ) · [[u]] = 0, with Qperf(N ) = N
(2)
· Cperf

T ·N . (3.146)

Here Qperf denotes the acoustic tensor corresponding to the perfect plastic material. Fur-

ther details are omitted. They are contained in [Mosler 2005c]. Analogous to the

classical Legendre-Hadamard condition, the non-trivial solution of Eq. (3.146) gives

rise to

det Qperf(N ) = 0. (3.147)

Interestingly, condition (3.147) is formally identical to the classical one (3.142). However,

it depends now on the tangent Cperf
T of the perfect plastic material.

Remark 3.4.1.1 According to [Ortiz 1987; Ortiz, Leroy & Needleman 1987], a

condition of the type (3.142) or (3.147) is not well-suited for computational purpose. In

fact, it is more appropriate to consider the optimization problem

N = arg

(
min
N

det Q(N )

)
(3.148)
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under the constraints

det Q ≤ 0 ∧ ||N ||2 = 1. (3.149)

Remark 3.4.1.2 Non-local criteria for the prediction of the normal vector N as applied

for instance in [Feist & Hofstetter 2005] are not considered in this work. Although

they seem to give often good numerical results, they can lead to a completely unphysical

initiation and propagation of failure, cf. [Simone, Askes & Sluys 2004].

3.4.2 Uniqueness of the solution

Based on the localization criterion presented in the previous subsection, or one of the

methods enumerated on page 77, the normal vector of ∂sΩ can be computed. However,

in general, the solution concerned with det Q(N ) = 0 or a similar concept is not unique.

Consequently, it is convenient to introduce the set of all candidates

JN :=
{
N ∈ S2 | 0 ≥ det Q(N ) ≤ det Q(N ∗), ∀N ∗ ∈ S2

}
(3.150)

with S2 being the 2-sphere. Even if load cases which are invariant with respect to a

rotation applied to special axes such as uniaxial stress states or hydrostatic stress states

are neglected, not any element of JN has a physical relevance (see [Simo & Oliver

1994; Borja 2000]). Hence, the ”correct” bifurcation mode has to be chosen from JN .

For that purpose, different solution strategies have been developed.

For instance, restricting to the geometrically linearized plane strain state, together with

an associative von Mises plasticity theory, condition (3.147) applied to a simple shear

deformation, i. e., u = u1 X2 e1 and σ = σ12 (e1 ⊗ e2 + e2 ⊗ e1), yields JN = {e1, e2}.
However, according to the displacement field, only e2 is admissible, cf. [Borja 2000].

In this chapter, only local criteria for determining the ”correct” vector N ∈ JN are

considered. They are in contrast to methods based on geometrical smoothing techniques

such as [Garikipati 1996; Gasser & Holzapfel 2006]. Most frequently, the following

local criteria are applied, cf. [Mosler 2005c]:

• In [Armero & Garikipati 1996; Garikipati 1996; Borja 2000], the vector

N which results in a failure mode more closely aligned with the smooth deformation

field is chosen. Locally, this idea can be re-written into the format (at the onset of

bifurcation F = F̄ = F̂ , see Eq. (3.18))

N = arg max
Ñ

[F : (m⊗ Ñ )] (3.151)

with m denoting the jump direction fulfilling m ∈ ker Qperf and ||m||2 = 1.

• In [Wells & Sluys 2001a], the criterion

N = arg max
Ñ
||
[[

u̇(Ñ )
]]
||2 (3.152)
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has been applied. Hence, the vector N maximizing the inelastic deformations is

chosen.

• N follows from the principle of maximum dissipation

N = arg max
Ñ
D(Ñ ), (3.153)

cf. [Mosler 2005c].

In what follows, it will be shown that the enumerated criteria are equivalent for many

different material models. The next paragraph follows to a large extent [Mosler 2005c].

First, the straightforward equivalence between criteria (3.152) and (3.153) is pointed

out. Clearly, the proof requires the evolution equations of the internal variables and the

displacement jump to be governed by the postulate of maximum dissipation. Assuming a

cohesive law defined by a free Helmholtz energy of the type (3.40) and a yield function

according to Eq. (3.49) depending on a positively homogeneous yield function φ of degree

one, the dissipation reads

D = λ T̄ ini
eq δs (3.154)

cf. Remark. (3.2.2.2). Since the plastic multiplier represents a measure for the amount of

plastic deformations and

λ(N ) ≥ λ(Ñ ) ⇔ D(N ) ≥ D(Ñ ) ∀Ñ ∈ JN . (3.155)

the equivalence between criteria (3.152) and (3.153) follows directly.

Next, it is shown that N predicted by the compatibility condition (3.151) is identical to

the one obtained from the postulate of maximum dissipation. Again, associative evolution

equation and a positively homogeneous yield function of degree one are considered. Since

Eqs. (3.152) and (3.153) are rate equations, but Eq. (3.151) does not involve a time

derivative, the different criteria cannot be compared directly to each other. For this

reason, the discrete counterparts induced by a time integration are analyzed.

Assuming a sufficiently small load step, principle (3.153) can be re-written as

φtr((C̄ · S) ·N , (J ,α) = 0)|n+1 ≥ φtr((C̄ · S) · Ñ , (J ,α) = 0)|n+1, ∀Ñ ∈ JN (3.156)

(φtr ≤ 0 implies a zero dissipation). Since the stress-like internal variables are zero before

the deformation localizes, Ineq. (3.156) is equivalent to

T̄ tr
eq((C̄ ·S) ·N , (J ,α) = 0)|n+1 ≥ T̄ tr

eq((C̄ ·S) · Ñ , (J ,α) = 0)|n+1, ∀Ñ ∈ JN , (3.157)

cf. Remark. (3.2.2.2). With T̄eq being a positively homogeneous function of degree one,

Ineq. (3.157) reads

(C̄ · S) : (M ⊗N ))|n+1 ≥ (C̄ · S) : (M̃ ⊗ Ñ ))|n+1, ∀Ñ ∈ JN , (3.158)
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Here, M denotes the flow direction, i. e., M = ∂T̄φ. Applying a pull back to Eq. (3.151),

the equivalence between criterion (3.151) and the one based on the principle of maximum

dissipation (3.153) simplifies to

(C̄ · S) : (M ⊗N ))|n+1 ≥ (C̄ · S) : (M̃ ⊗ Ñ ))|n+1
!⇐⇒ C̄ : (M ⊗N ))|n+1 ≥ C̄ : (M̃ ⊗ Ñ ))|n+1.

(3.159)

Obviously, those inequalities are not equivalent for arbitrary material symmetries. More

precisely, a comparison between the deformation-based criterion (3.151) and the stress-

based criterion (3.157) makes only sense for isotropic materials. In this case, the elastic

part of the energy Ψreg depends only on the invariants of C̄ denoted as Ii and the Mandel

stresses show the form

C̄ · S = 2 C̄ · ∂C̄Ψreg = 2

[
∂Ψreg

∂I1
+
∂Ψreg

∂I2
I1

]
C̄ − 2

∂Ψreg

∂I2
C̄

2
+ 2

∂Ψreg

∂I3
I3 1. (3.160)

Additionally, it is assumed that Ψref is independent of the second invariant of C̄. This

restriction is fulfilled for many materials. For instance, neo-Hooke-type material models

which will be applied in Section 3.6 are characterized by this assumption, cf. [Ciarlet

1988; Başar & Weichert 2000]. Using this postulate, the equivalence (3.159) reduces

to [
∂Ψreg

∂I1
C̄ +

∂Ψreg

∂I3
I3 1

]
: (M ⊗N ) ≥

[
∂Ψreg

∂I1
C̄ +

∂Ψreg

∂I3
I3 1

]
:
(
M̃ ⊗ Ñ

)
!⇐⇒ C̄ : (M ⊗N ))|n+1 ≥ C̄ : (M̃ ⊗ Ñ ))|n+1.

(3.161)

Since all vectors N ∈ JN show the same localization mode characterized by the absolute

value |N ·M | (if M is normalized, |N ·M | = 1 ⇔ mode-I failure, |N ·M | = 0 ⇔
mode-II failure and |N ·M | ∈ (0, 1) ⇔ mixed-mode failure), without loss of generality,

N ·M = Ñ · M̃ . (3.162)

Applying Eq. (3.162), the equivalence (3.161) requires

∂Ψreg

∂I1
≥ 0. (3.163)

For isotropic material laws depending only on the first and the third invariant of C̄,

Ineq. (3.163) is a direct consequence of the so-called empirical inequalities, cf. [Wang &

Truesdell 1973; Truesdell & Noll 1965] (see also Remark 3.4.2.1). In summary,

for isotropic elastic materials invariant with respect to I2, together with associative evo-

lution equations designed by means of a positively homogeneous yield function of degree

one, the criteria (3.151)-(3.153) are equivalent.
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Remark 3.4.2.1 The empirical inequalities state that

ψ0 ≤ 0, ψ1 > 0, ψ−1 ≤ 0. (3.164)

Here, ψi depending on the invariants of C̄ defines the response function of the Cauchy

stresses, i. e.,

σ = ψ0 1 + ψ1 b̄ + ψ−1 b̄
−1
, with b̄ := F̄ · F̄ T

. (3.165)

According to [Wang & Truesdell 1973; Truesdell & Noll 1965], Ineqs. (3.164)

imply the so-called ordered forces inequalities as well as the Baker-Ericksen inequali-

ties. It can be shown in a relatively straightforward manner that for materials invariant

with respect to the second invariant of C̄,

ψ1 > 0 ⇐⇒ ∂Ψreg

∂I1
> 0. (3.166)

3.5 Computation of the topology

of the singular surface ∂sΩ

The methods described in the previous sections can be applied to compute the topology

of the singular surface ∂sΩ. More precisely, only the local topology, namely the normal

vector N , is predicted. However, if ∂sΩ is to be modeled continuously as necessary in

the case of numerical analyses of cracks, the position of ∂sΩ is required additionally.

Unfortunately, this is not a trivial issue. For instance, if constant strain finite elements

are used, the strain and the resulting stress fields are constant within the elements and

hence, a local criterion cannot define the position of ∂sΩ.

It should be pointed out that enforcing continuity of the singular surface ∂sΩ is essential

for computations being almost independent with respect to the mesh bias, cf. [Jirásek

& Zimmermann 2001; Oliver, Huespe, Samaniego & Chaves 2002; Feist &

Hofstetter 2005]. Without enforcing continuity, the results obtained from SDAs are

almost identical to those predicted by standard smeared crack models, see [Mosler &

Meschke 2004].

Several different methods for computing the global topology of ∂sΩ can be found in the

literature. Conceptually, they can be grouped into the following two types of approaches:

• When localization is detected, the normal vector N of a singular surface ∂sΩ is

computed first. If no neighboring finite elements are localized, ∂sΩ is assumed to

cross the centroid of the respective element. On the other side, if a slip band has

already formed in one of the neighboring elements, the new band ∂sΩ is connected

with the existing one, cf. [Oliver 1996; Garikipati 1996; Borja 2000]. The

method just described is applied most frequently. It should be noted that the
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extension of this band tracking algorithm to the fully three-dimensional case is, in

general, not trivial. If ∂sΩ is assumed to propagate element-wise (the tip of ∂sΩ is

restricted to the element boundary), the cut set of a planar localization surface ∂sΩ

and one surface of a three-dimensional finite element (linear approximation of the

geometry) is represented by a straight line. Consequently, in general, it is impossible

to connect two neighboring surfaces ∂sΩ in a continuous fashion (at this cut set).

For this reason, some authors propose to apply smoothing techniques, cf. [Gasser

& Holzapfel 2006].

• Global band tracking algorithms according to Oliver and co-workers, cf. [Oliver,

Huespe, Samaniego & Chaves 2002; Chaves 2003]. Conceptually speaking,

Oliver suggests to compute the solution of an auxiliary PDE. This PDE is designed

such that the isolines of its primary, scalar-valued, variable define possible globally

continuous localization surfaces. Since ∂sΩ may change each load step, the solution

of the auxiliary PDE has to be determined every step as well. Hence, the resulting

numerical costs are relatively high. For this reason, [Feist & Hofstetter 2005]

suggested to apply Oliver’s method to certain neighborhoods (close to the tip of

∂sΩ).

Although some of the described algorithms sound promising, complex failure modes such

as crack branching and multiple cracks crossing each other cannot be modeled yet. Very

recently, a new class of algorithms has been proposed, [Negri 2005b; Mosler, Ortiz

& Pandolfi 2006]. It will be presented in a more detailed way in Chapter 7.2. Here,

only a short description is given. Different from the two approaches discussed before, the

novel numerical formulation can be applied, in principle, to arbitrarily complex problems.

In contrast to the numerical models discussed in this chapter, the novel method according

to [Negri 2005b; Mosler, Ortiz & Pandolfi 2006] is based on interface elements, cf.

page 49. The overriding principle of this approach is energy minimization. More precisely,

assuming the physical problem is governed by the postulate of maximum dissipation, an

incremental potential I can be derived such that the continuous and the discontinuous

displacement field follow from a minimization problem, i. e.,

(û, [[u]]) = arg inf
û,[[u]]

I(û, [[u]]), (3.167)

cf. Section 2.5. Such a method has been applied for instance in [Yang, Mota & Ortiz

2005]. Evidently, the solution associated with problem (3.167) depends on the topology

of ∂sΩ. As a consequence, a canonical extension of the problem (3.167) yields

(û, [[u]] , ∂sΩ) = arg inf
û,[[u]],∂sΩ

I(û, [[u]] , ∂sΩ). (3.168)

It is obvious that by thermodynamical considerations, ∂sΩ is not allowed to shrink, i. e.,

∂sΩ|tn ⊆ ∂sΩ|tn+1 . An approximation of problem (3.168) can be found in [Negri 2005b;
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Mosler, Ortiz & Pandolfi 2006]. For instance in [Mosler, Ortiz & Pandolfi

2006] the authors optimize the mesh in order to capture the crack path better by applying

variational mesh adaptions as presented in Chapters 4 – 6. Further details will be given

in Chapter 7.2.

3.6 Numerical examples

The applicability and performance of the strong discontinuity approach as proposed in

the previous sections are investigated by means of a 2D as well as by two different 3D

numerical analyses. While in Subsection 3.6.1, a steel made strip with a hole is analyzed

numerically, a uniaxial tension test is investigated in Subsection 3.6.2.1. Again, a ductile

material model is applied. Finally, a debinding problem is computed in Subsection 3.6.2.2.

In contrast to the other examples, the interface problem is characterized by mode-I failure.

In the numerical examples presented in this section, continuity of ∂sΩ is enforced by

applying the purely geometrical procedure as adopted by [Oliver 1996; Garikipati

1996; Borja 2000], cf. page 83. If the localization criterion leads to more than one

admissible vector N , the physically relevant one is determined by means of the postulate

of maximum dissipation (see criterion (3.153)).

3.6.1 Two-dimensional problem:

Extension of a strip with a circular hole

In this section, the extension of the SDA to higher order elements as described in Sec-

tion 3.3.5 is shown. As a prototype, a 4-node, purely displacement-based, plane stress

element is used. This element is analyzed by a numerical computation of the extension

of a steel made strip with a circular hole (see Fig. 3.3). A similar problem has been

investigated numerically by several authors, see e. g. [Simo & Hughes 1998]. For the

modeling of slip bands in ductile materials, the von Mises yield function according to

Eq. (3.50) is adopted. A shear band is assumed to propagate, when the condition φ > 0

(a loading step) is fulfilled.

To demonstrate the independence of the numerically computed results on the spatial

discretization, three different finite element meshes are used. According to Fig. 3.4, mesh

I and mesh II are aligned with the expected slip band path. They contain 192 and 834

4-node plane stress elements, respectively. In addition to these meshes, an unstructured

discretization (mesh III) is considered as well. It has been designed automatically by

applying an overlay procedure and consists of 176 elements. It is noteworthy that the

stress field associated with the problem illustrated in Fig. 3.3 is highly inhomogeneous

even in the elastic regime. As a consequence, no imperfections are necessary to activate
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Figure 3.3: Numerical study of the extension of a strip with a circular hole: dimensions

(in [cm]) and material parameters; thickness of the strip t = 0.1 cm

mesh I mesh II

mesh III

Figure 3.4: Numerical study of the extension of a strip with a circular hole: distribution

of the internal variable α representing the relative shear sliding displace-

ment as obtained from discretizations mesh I-III (8-fold magnifications of

displacements)

localization. Since the resulting deformations are, as it will be shown, relatively small,

linearized kinematics are used.

In Fig. 3.4, the distribution of the internal variable α representing the relative shear

sliding displacement obtained from the numerical analyses is illustrated. The plots are

associated with a displacement u of magnitude u = 0.008835 cm. As expected, the slip

bands computed are almost completely independent of the spatial discretization. The
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mesh I

mesh II

mesh III

Figure 3.5: Numerical study of the extension of a strip with a circular hole: topology

of the primary slip band as computed from discretizations mesh I-III

angle between these bands and the horizontal is about 45◦. It should be noted that in

Fig. 3.4 only the primary slip bands are shown. Secondary bands, i. e., those exhibiting

a relative shear sliding displacement several orders of magnitude less than that of the

primary localization surfaces are not presented.

Although the topology of the slip bands computed numerically can be estimated by means

of Fig. 3.4, a more precise analysis of the topology is not realizable. For a more detailed

investigation, the primary localization surfaces are illustrated in Fig. 3.5. As expected

from Fig. 3.4, the slip bands obtained from the finite element analyses based on mesh I-III

are almost identical. They are nearly independent of the size of the finite elements and

the bias induced by the discretization. According to Fig. 3.5, the slip band orientations

are not constant. They vary between θ ∈ [37.44◦, 47.55◦], θ ∈ [38.74◦ − 49.71◦] and

θ ∈ [38.67◦, 51.25◦] for meshes I, II and III, respectively. Here, θ denotes the angle

between the slip band and the horizontal. The slip bands start to form at the hole under

a relatively small angle θ. If loading is further increased, these bands propagate. At the

same time, the angle θ at the tip of the band increases. After reaching the maximum value,

θ decreases in the vicinity of the upper and the lower boundary of the strip. Consequently,

the slip bands computed numerically are slightly curved.

The load-displacement diagrams computed from the numerical analyses are shown in

Fig. 3.6. Each of the three discretizations predicts an almost identical structural response.

According to Fig. 3.6, a maximum loading of Fmax = 5.36 kN, Fmax = 5.27 kN and

Fmax = 5.44 kN is obtained from meshes I-III. By comparing the load-displacement curves

to that of the linear solution, it is seen that localization is activated significantly before the

maximum loading Fmax is reached. Not until the slip band separates the steel made strip

completely, an overall softening response is observed. However, the differences between

the post-peak behavior computed from meshes I-III are marginal.
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Figure 3.6: Numerical study of the extension of a strip with a circular hole: load-

displacement diagrams as computed from discretizations mesh I-III

3.6.2 Three-dimensional problems using

geometrically exact kinematics

Next, the applicability of the novel finite element formulation and its numerical perfor-

mance are investigated by means of fully three-dimensional examples. In contrast to the

previous subsection, a geometrically exact theory is used.

To the best knowledge of the author, two different benchmarks are most frequently applied

to the analysis of strong discontinuity approaches at finite strains: the uniaxial tension

or compression test as studied in [Garikipati 1996; Armero & Garikipati 1996;

Larsson, Steinmann & Runesson 1998; Armero 1999; Borja 2002] or a mode-I

type debinding problem, cf. [Oliver, Huespe, Pulido & Samaniego 2003; Gasser

& Holzapfel 2003]. For the fully three-dimensional case, only one numerical analysis

based on the SDA at finite strains has been presented in [Gasser & Holzapfel 2003]

so far. Both numerical examples, that is, the uniaxial tension/compression test as well as

the mode-I type debinding problem are relatively simple. However, they are reasonable

and meaningful for the analysis of the numerical model. The reasons for this are mani-

fold. First, even in the case of the uniaxial compression or tension test, the stress field

computed is inhomogeneous due to the initial imperfection set to activate localization.

Thus, the localization surface ∂sΩ does not form at once, but an evolution of ∂sΩ during

the numerical analysis can be observed. However, the most important property of these

benchmarks is that the topology of the localization surface can be computed analytically.

Furthermore, if an additional assumption concerning the activation of ∂sΩ is made, the

complete structural response, i. e., the load-displacement curve, can be calculated ana-

lytically as well. Consequently, the results obtained numerically can be compared to the

analytical solution. Particularly, for the uniaxial tension/compression test the analytical

solution can be computed very easily. As a result, the applicability and the performance

of the finite element formulation proposed will be demonstrated by means of the uniaxial
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Figure 3.7: Numerical study of the tension test: dimensions (in [cm]) and material

parameters

tension test and the debinding problem.

3.6.2.1 Uniaxial tensile test of a ductile bar

In this paragraph, the formation and propagation of shear bands occurring in a steel

made bar are analyzed numerically. The geometry is illustrated in Fig. 3.7. The bar is

subjected to a prescribed displacement field u at its face side. Other boundary conditions

are chosen such that stresses occur only in one direction (uniaxial tension test).

For the analysis of slip band formation in ductile materials, a von Mises-type yield

function

φ(T̄ , q) = ||T̄ m||2 − q(α), with T̄ m := T̄ −
[
T̄ ·N

]
N (3.169)

is adopted, i. e., only the shear stresses T̄ m govern the evolution of the slip sliding displace-

ments. Following the postulate of maximum dissipation, associative evolution equations

are assumed. According to Eq. (3.169), the softening response characterized by the in-

ternal variable q is modeled as isotropic. Analogous to [Garikipati 1996; Armero &

Garikipati 1996; Armero 1999], a linear evolution of q of the type

q(α) = σy −H α (3.170)

is chosen. In the case of linearized kinematics, the three-dimensional von Mises-type

model described was proposed in [Mosler 2005b]. In this reference, further details

concerning this specific model are available. The bulk material is modeled by applying a

hyperelastic material law. The respective free energy functional is given in Eq. (2.30).

The model is completed by a criterion necessary for the computation of the normal vec-

tor N of the localization surface. For that purpose, it assumed that the angle between

the vector N and the direction of the maximum principle stress at the time of localiza-

tion is about 45◦. This represents a widely accepted criterion, cf. [Garikipati 1996;

Armero & Garikipati 1996]. In the case of linearized kinematics, it follows from
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mesh I mesh II

mesh III mesh IV

Figure 3.8: Numerical study of the tension test: finite element discretizations; mesh

I, II, III and IV contain 6, 454, 1405 and 3361 constant strain tetrahedral

elements, respectively

a bifurcation analysis in the sense of [Simo, Oliver & Armero 1993]. Clearly, the

normal vector n in the deformed configuration transforms as n = F̄
−1 ·N . In contrast

to the localization condition proposed in [Simo, Oliver & Armero 1993], the shear

band is assumed to propagate when the condition φn+1 > 0 is fulfilled (i. e., a loading

step), cf. [Mosler 2005b]. Of course, other criteria can be easily applied as well. The

adopted criterion shows an important advantage compared to other models. According

to [Mosler 2005b], in the case of small displacements, the load displacement curve can

be computed analytically. More precisely, the maximum loading is calculated as

Fmax = 8.0 σy at u =
16.0 σy

E
(3.171)

and the ultimate displacement (q = 0, a completely softened material) as

u =
1√
2

σy

H
. (3.172)

For further details, refer to [Mosler 2005b].

For the assessment of mesh dependence of the results computed numerically, three differ-

ent discretizations are used. The unstructured meshes II, III and IV contain 454, 1405

and 3361 constant strain tetrahedral elements, respectively, see Fig. 3.8. Localization is

induced by slightly reducing the initial yield stress σy of one element. Since an infinite

number of possible slip band orientation exists, the normal vector of the first localized
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mesh I mesh II

mesh III mesh IV

Figure 3.9: Numerical study of the tension test: distribution of the internal variable

α representing the relative shear sliding displacement as obtained from the

proposed finite element formulation (1-fold magnification of the displace-

ments); solution corresponding to the final stage of deformation (q(α) = 0)

element is explicitly prescribed as NT = [0; 1/
√

2; 1/
√

2]. Again, the numerical analyses

are performed with enforcing slip band path continuity.

Additional to meshes II-IV, another discretization is considered for the sake of comparison.

In contrast to the numerical analyses based on mesh II-IV, no imperfection has to be

prepared for mesh I. As a result, the localization surface forms at once. Furthermore, the

orientation of ∂sΩ is accounted for a priori. Hence, contrary to the numerical analyses

based on mesh II-IV, the computation performed by means of mesh I is semi numerical.

Set of material parameters I First, the material parameters E, ν, σy and H, used

for the numerical analysis are assumed according to [Garikipati 1996], see Fig. 3.7.

Fig. 3.9 contains the distribution of the internal variable α representing the relative shear

sliding displacement as obtained from the proposed finite element formulation. As ex-

pected, independent of the respective discretization, a mode-II failure is observed. Anal-

ogous to the analytical solution, the angle between the normal vector of the predicted

shear band and that of the maximum principle stress direction is about 45◦.

The resulting load-displacement diagrams are shown in Fig. 3.10. For the purpose of

comparison, the structural response computed from the geometrically linearized model as

presented in [Mosler 2005b] is illustrated as well. As shown in Fig. 3.10, the results ob-
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Figure 3.10: Numerical study of the tension test: load-displacement diagram as ob-

tained from the proposed finite element formulation; material parameters

according to Fig. 3.7

tained from the finite strain model are independent with respect to the spatial discretiza-

tion. Furthermore, since the maximum displacement is relatively small (u = 0.159099 cm),

the load-displacement diagrams computed from the geometrically exact model are almost

identical to that predicted by the linearized finite element formulation. In summary, all

results obtained numerically are identical to the small strain analytical solution as defined

by means of Eqs. (3.171) and (3.172).

The convergence profiles for the global Newton-type iteration are shown in Table 3.1.

The load step considered corresponds to a displacement of the face side of u = 0.1527 cm.

Relative error of the residuals RI
Iteration i

mesh II mesh III mesh IV

1 7.074E+00 1.561E+00 1.922E+00

2 2.041E+00 3.738E-02 2.002E-01

3 1.947E-02 4.318E-07 1.125E-05

4 1.471E-06 1.168E-12 2.594E-12

5 4.979E-12

Table 3.1: Numerical study of the tension test: convergence profile of the global

Newton-type iteration; magnitude of the load step ∆u = 0.01 cm; rela-

tive error of the residuals in the maximum norm; convergence tolerance for

all computations TOL = 10−8

Although the prescribed increment of the nodal displacement ∆u = 0.01 cm is relatively

large, a rapid rate of the convergence is observed. The asymptotic quadratic convergence

shows the exact linearization of the finite element formulation presented.



3.6 Numerical examples 93

geom. nonlin.
geom. lin.

Displacement u [cm]

R
ea

ct
io

n
fo

rc
e
F

[k
N

]

107.552.50

2000

1000

0

Figure 3.11: Numerical study of the tension test: load-displacement diagram as ob-

tained from the proposed finite element formulation; material parameters:

E = 2.069 · 103 kN/cm2, ν = 0.29, σy = 300 kN/cm2, H = 20 kN/cm3

Set of material parameters II In the previous subsection, the applicability as well

as the efficiency of the proposed finite element model have been demonstrated. However,

the material parameters which have been chosen according to [Garikipati 1996] lead to

a maximum displacement of the front size of the bar of u = 0.159099 cm. Hence, only

relatively small strains occur and consequently, geometrical nonlinearities do not play an

important role.

In this subsection, a re-analysis of the tension test as analyzed in the previous subsection

is performed. In contrast to Subsection 3.6.2.1 the material parameters according to

Table 3.2 are assumed.

E ν σy H

2069 [kN/cm2] 0.29 [-] 300 [kN/cm2] 20 [kN/cm3]

Table 3.2: Numerical study of the tension test: material parameters

Evidently, the direction of the slip band, that is, the vector N is not influenced by the

change of the material parameters. Only the vector n is affected.

The computed load-displacement diagram is illustrated in Fig. 3.11. Even before local-

ization occurs, the elastic response as predicted from the linearized model using Hooke’s

law differs from that obtained by means of the energy functional (2.30).

The deviation of the maximum load computed from the linearized model to that associated

with the fully nonlinear algorithmic formulation is relatively large. With an ultimate load

of 1891 kN (geometrically exact) and 2400 kN (geometrically linearized), the relative

difference follows to 27%, i. e., the results obtained from the SDA model based on the

assumption of small strains are clearly non conservative.
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Figure 3.12: Numerical study of a debinding problem: dimensions (in [mm]) and mate-

rial parameters; thickness of the strip t = 0.5 mm

After the shear band has formed completely, a global softening response is observed.

However, although a linear softening evolution of the type (3.170) has been adopted, a

nonlinear load-displacement diagram is computed. It is obvious that these nonlinearities

result from the finite strain kinematics. In summary, the structural response as obtained

by assuming small displacements (and strains) differs significantly from that associated

with the finite strain SDA finite element formulation as presented in this work.

It is interesting to note that the face side displacement u corresponding to a completely

softened bar is independent of geometrically exact kinematics. However, this is quite

evident. According to Eq. (3.170), αmax = σy/H. Hence, at the time when the structure

fails (q = 0), the material displacement jump J is computed as J = σy/H [0; 1/
√

2; 1/
√

2].

Since a stress free, completely softened bar is locally characterized by S = 0 ⇐⇒ F̄ = 1,

the displacement jump [[u]] is equivalent to its material counterpart J , i. e., [[u]] = J (in

general, [[u]] = F̄ · J). As a consequence, the maximum displacement in the direction of

the axis of the bar is computed as [[[u]]]3 = 1/
√

2 σy/H. Clearly, this result is identical to

that predicted by the geometrically linearized model.

3.6.2.2 Debinding problem: Mode-I failure

The last example is a debinding problem taken from [Oliver, Huespe, Pulido &

Samaniego 2003]. However, in contrast to the cited work which deals exclusively with

constant strain triangle elements, a fully three-dimensional analysis is given in this para-

graph. The geometry and the material parameters defining the mechanical problem are

depicted in Fig. 3.12. It should be noted that the corners of the notch are slightly rounded.

While the bulk material is modeled by the polyconvex energy functional (2.30), the in-
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mesh I mesh II

Figure 3.13: Numerical study of a debinding problem: Dark grey colored elements are

those with active embedded discontinuities (1-fold magnification of the

displacements); solution corresponding to u = 1.0 mm.

terface law is chosen according to Eq. (3.59). Hence, a mixed-mode model is adopted.

In contrast to the examples presented previously, the singular surface ∂sΩ is assumed to

exist a priori. More precisely, the interface is located as illustrated in Fig. 3.12. As a

consequence, using a cartesian coordinate system, the normal vector N is NT = (1; 0; 0).

Due to the symmetry of the problem the shear stresses vanish at the interface. As a

result, the mixed-mode cohesive law (3.59) reduces to the classical Rankine criterion

and, without loss of generality, the material parameter κ is set to κ = 0. Consequently,

the mechanical problem is characterized by a pure mode-I failure. Softening is accounted

for by the bi-linear function

q(α) =

{
σy −H1 α ∀α ≤ 0.2475 mm

(σy −H1 0.2475)−H2 (α− 0.2475) ∀α > 0.2475 mm.
(3.173)

For the assessment of mesh dependence of the numerically computed results, two different

discretizations are analyzed. It can be seen that the elements of Mesh II which cross the

interface ∂sΩ are 3/5 times smaller than those of Mesh I (in the direction orthogonal to

∂sΩ).

The deformed configurations are shown in Fig. 3.13. The dark grey colored elements are

those with active embedded discontinuities. According to Fig. 3.13 both triangulations

predict an identical structural response.
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Figure 3.14: Numerical study of a debinding problem: load-displacement diagrams com-

puted from mesh I and II

This is verified by the load-displacement diagrams given in Fig. 3.14. The F −u diagrams

are only marginally affected by the discretization.

3.7 Open problems concerning strong discontinuity

approaches

Although finite element formulations based on kinematics induced by strong discontinu-

ities represent, nowadays, one of the most powerful techniques for analyzing problems

exhibiting strain-localization and additionally, these models are relatively well developed,

several questions are still unanswered. One of those is associated with the computation

of the topology of ∂sΩ. This subject has been discussed briefly in Section 3.5. Although

some of the methods described in Section 3.5 seem to be very promising, neither the SDA

nor the X-FEM have been applied to the simulation of complex material failure such as

fully three-dimensional problems showing crack branching and intersecting cracks (to the

best knowledge of the author).

Any physically well-motivated method suitable for computing the topology of ∂sΩ requires

a sufficiently fine resolution of the continuous deformation field. This is obvious, since all

criteria necessary for predicting the growth direction of the internal surface depend sig-

nificantly on the quality of the continuous deformation. An effective way for guaranteeing

such a sufficiently fine resolution is represented by adaptive finite element methods. Par-

ticularly for complex three-dimensional simulations, those methods are essential. Three

of them will be presented in the next chapters.



Chapter 4

A variational r-adaptive finite

element formulation

This chapter is concerned with the implementation of Variational Arbitrary Lagrangian-

Eulerian (VALE) formulations, also known as variational r-adaption methods. These

methods seek to minimize the energy function governing the underlying physical problem

with respect to the finite element mesh over the reference configuration of the body. A

solution strategy is proposed which is based on a viscous regularization of the configu-

rational forces. This procedure eliminates the ill-posedness of the optimization problem

without changing its solutions, i. e., the minimizers of the regularized problems are also

minimizers of the original functional. Selected numerical examples demonstrate the ro-

bustness of the solution procedures and their ability to produce highly anisotropic mesh

refinement in regions of high energy density.

4.1 Introduction to Arbitrary Lagrangian-Eulerian

(VALE) formulations

If the finite element method is applied to the analysis of mechanical problems, the solutions

depend on the approximation of the primary variables resulting from the triangulation

and the shape functions within the finite elements. As a consequence, the quality of an

initial computation can be improved either by modifying the spatial discretization, or

by using higher order interpolations. The latter is referred to as p-adaptive method, cf.

[Szabó & Babŭska 1991]. In the present work, such approaches will not be considered.

The reasons for this are twofold. First, the problems analyzed numerically here are, in

many cases, highly non-smooth such as cracking in brittle structures. Second, if finite

deformations are to be analyzed, the geometry of the deformed triangulation can be highly

distorted which may lead eventually to ill-defined interpolations. This problem cannot be

eliminated by using higher order elements, cf. [Belytschko, Liu & Moran 2000].

97
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configuration
deformedmaterial

configuration

domain
reference

Φ̄

ξ ∈ ΩM

Φ̂

F Φ̄F Φ̂

X ∈ Ω x ∈ ϕ(Ω)F = F Φ̄ · F−1

Φ̂

ϕ = Φ̄ ◦ Φ̂
−1

Figure 4.1: Different configurations and mappings characterizing the ALE kinematics

The method advocated in this chapter falls into the class of r-adaption, cf. Chapter 7 in

[Belytschko, Liu & Moran 2000]. Such models are often referred to as Arbitrary La-

grangian Eulerian formulations (ALE). Within this framework, the positions of the nodes

defining the reference configuration are modified such that the resulting finite element

mesh predicts the response of the mechanical system under investigation better than the

initial triangulation. More specifically, two independent mappings are introduced. Ac-

cording to Fig. 4.1, Φ̂ : ΩM → Ω connects points belonging to the reference domain ΩM

to their counterparts in the material configuration Ω, while the motion of the deformed

triangulation is described by the mapping Φ̄ : ΩM → ϕ(Ω). As a result, the deformation

ϕ follows from the composition of both mappings. Clearly, by setting Φ̂ constant, the

classical Lagrangian description is obtained. In contrast, Φ̄ = const is equivalent to an

Eulerian formulation.

Usually, the Lagrangian framework is adopted when dealing with problems in solid me-

chanics. However, sometimes this framework is inappropriate. For instance, for problems

showing large deformations and hence, highly distorted deformed meshes, Lagrangian

approaches often lead to ill-defined interpolations. Typically, this can be observed in fluid

mechanics where an Eulerian setting is more suitable. But even in solid mechanics,

Lagrangian formulations are sometimes not applicable. The interesting feature of ALE

methods is that they combine the advantages of both Lagrangian as well as Eulerian

finite element methods. In the present chapter, a novel ALE formulation for analyzing

problems in solid mechanics is proposed. The Eulerian part of the finite element model

is used to modify the triangulation such that the interpolations are well-defined and the

initial numerical solution is improved.

Although ALE formulations enjoy a relatively long tradition, dating back, at least, to

[Belytschko & Kennedy 1978; Hughes, Liu & Zimmermann 1981], first ideas

for combining them with hyperelastoplasticity based on a multiplicative decomposition of

the deformation gradient have been just recently presented, for instance in [Rodriguez-
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Ferran, Pérez-Foguet & Huerta 2002; Armero & Love 2003]. As a conse-

quence, many questions are still open and ALE formulations represent one of the active

research areas. For example, if the triangulation of the reference or the deformed con-

figuration is highly distorted, smoothing algorithms are usually adopted, cf. [Armero

& Love 2003]. However, according to [Donea 1983], most of those techniques are

entirely based on heuristic developments. In contrast to the references on ALE finite

element methods cited before, Variational Arbitrary Lagrangian-Eulerian formulations

(VALE) do not require such smoothing algorithms. VALE methods will be discussed in

the remaining part of this chapter. It follows to a large extent [Mosler & Ortiz 2005].

4.2 Introduction to Variational Arbitrary

Lagrangian-Eulerian (VALE) formulations

According to Section 2.3.2, the stable configurations of a hyperelastic body obey the prin-

ciple of minimum potential energy. For dynamical and general dissipative materials, the

incremental problem can also be recast as a minimization problem by recourse to time

discretization, cf. Subsection 2.5.2 and [Radovitzky 1998; Radovitzky & Ortiz

1999]. The corresponding finite element approximations then follow from a constrained

minimization of the (pseudo) potential energy over the space of interpolants. However,

strongly nonlinear problems, e. g., involving finite deformations or unstable material be-

havior, may lack uniqueness – or even existence – , e. g., as a consequence of buckling or

material instabilities. In addition, the space of solutions may not have a natural linear

space – much less normed space – structure, and the usual framework of error estimation

fails to apply in general. By virtue of this variational structure, the quality of two solutions

can be compared simply by their respective energies. Based on this optimality criterion,

a class of Variational Arbitrary Eulerian Lagrangian (VALE) methods can be formulated.

In these approaches, the deformation and the optimal finite-element discretization follow

jointly from energy minimization. The resulting energy is the lowest – and, therefore, the

attendant solution is the best – among all allowed discretizations, e. g., of a prescribed

number of nodes.

One of the first VALE formulations can be found in [McNeice & Marcal 1973; Fe-

lippa 1976]. In these works, the nodal positions of a two-dimensional triangulation are

computed from the variational principle governing the mechanical problem under inves-

tigation. More specifically, the principle of potential energy of linearized elasticity theory

was considered. However, at that state, the authors could not give a physical interpre-

tation of a variation with respect to the nodal positions of the undeformed mesh. It

seems that [Braun 1997] was the first who realized that this variation is associated

with equilibrium of configurational or energetic forces in the sense of [Eshelby 1951;

Eshelby 1975]. Furthermore, Braun speculated on the possibility of computing such
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nodal positions of the undeformed mesh so as to attain configurational equilibrium. Prob-

ably inspired by Braun’s work, several authors proposed VALE finite methods recently.

More precisely, [Mueller & Maugin 2002; Thoutireddy 2003; Thoutireddy &

Ortiz 2004; Kuhl, Askes & Steinmann 2004] computed the nodal positions of the

undeformed Xh as well as the deformed xh configuration by applying the principle of

potential energy corresponding to finite hyperelasticity. In contrast to classical methods

in which energy is expressed in terms of xh only (Xh is assumed as constant), the formu-

lations advocated in the just cited references are based on an energy functional depending

on both xh and Xh. Although the ideas of the VALE methods in the citations share

the same underlying idea, the respective solution strategies vary significantly. [Mueller

& Maugin 2002] proposed a steepest gradient algorithm without a line search. Since

the convergence rate of such a method is relatively low, it has to be understood rather

more as a prototype. More efficient implementations were advocated in [Thoutireddy

2003; Thoutireddy & Ortiz 2004; Askes, Kuhl & Steinmann 2004]. While the

algorithms adopted in the first two works are based on conjugate gradient methods, a

classical Newton iteration (without damping or line search) was employed in [Askes,

Kuhl & Steinmann 2004].

4.3 ALE approximation of the deformed and

the undeformed configuration

Within the variational framework discussed in Sections 2.3.2, 2.5.2 and 2.6, finite-element

approximations may be conveniently characterized as constrained minimizers of the

(pseudo) potential energy. While this connection is standard and well-understood, it

may stand a brief review in the interest of completeness.

Before a finite element analysis can be performed, the domain of analysis must be de-

fined. It is assumed that the domains of interest are triangulable topological polyhedra

[Hoffmann 1989]. This assumption allows bodies to be described by their bound-

aries, a representational paradigm known as Boundary Representation of Solids (B-Rep)

in the solid modeling literature [Hoffmann 1989; Mantyla 1988; Requicha 1980;

Radovitzky & Ortiz 2000]. A boundary representation consists of: a topological de-

scription of the connectivity, incidence and adjacency of the vertices, edges, and faces that

constitute the boundary of the body, together with a consistent orientation leading to an

unambiguous determination of the interior and exterior of the domain of analysis; and a

geometrical description of the surface of the domain. The boundary representation of the

domain is particularly important in the present context, since the motion of the nodes in

the reference configuration must ensure that the integrity of the boundary representation

is preserved.

In addition to the geometrical description of the domain, a discretization (Xh, Th) is
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considered. It consists of: an abstract simplicial complex Th, or triangulation (cf, e. g.,

[Hoffmann 1989]); and an array of nodal coordinates Xh := {Xa, a = 1, . . . , nnode}.
It should be noted that the information encoded by Th is strictly topological. The node

set is required to contain the vertex set of Th, but it may be larger than the latter.

For instance, for ten-node quadratic tetrahedra the node set contains the mid-side nodes

in addition to the vertex nodes. In general the node set will be attached to the cells

of (Xh, Th), e. g., vertex nodes to vertices, mid-side nodes to edges, and so on. This

constraint has the consequence that changes in Th, e. g., edge swaps, induces changes in

Xh, e. g., redefinition of mid-side nodes. For every element e in the triangulation the

standard isoparametric framework conveniently supplies the local embeddings

Φ̂
e

h(ξ) =

ne
node∑
a=1

Na(ξ) Xe
a (4.1)

Φ̄
e
h(ξ) =

ne
node∑
a=1

Na(ξ) xe
a (4.2)

of the standard element domain ΩM into R3, cf. Fig. 4.1. In the above representations ξ

are the natural coordinates over ΩM; Na are the standard element shape functions over

ΩM; ne
node is the number of nodes in element e (e. g., ne

node = 4 for simplicial tetrahedral

elements and ne
node = 10 for quadratic tetrahedral elements); and {Xe

a, e = 1, . . . , ne
node}

and {xe
a, e = 1, . . . , ne

node} are the undeformed and deformed nodal coordinates of element

e, respectively. It should be noted that ALE formulations are, obviously, not restricted

to an isoparametric framework i. e., Φ̂
e

h and Φ̄
e
h may be interpolated differently. The

mappings Φ̂
e

h and Φ̄
e
h are required to be diffeomorphisms, i. e., bijective, differentiable,

and with differentiable inverse; and {Ωe = Φ̂
e

h(ΩM), e = 1, . . . , nelement} and {ϕ(Ωe) =

Φ̄
e
h(ΩM), e = 1, . . . , nelement} are required to define a partition of Ω and ϕ(Ω), respectively,

cf. Fig. 4.1. The deformation mapping for element e then reads

ϕe
h = Φ̄

e
h ◦ Φ̂

e−1

h ≡
ne

node∑
a=1

N e
axa (4.3)

where

N e
a = Na ◦ Φ̂

e−1

h (4.4)

are the element shape functions over Ωe. Clearly, the usual requirement of conformity is

appended, i. e., ϕe
h is the restriction to Ωe of a continuous mapping ϕh. This places topo-

logical restrictions on the triangulation and constraints on the standard shape functions.

By virtue of the linearity of the interpolation it follows that

ϕh =

nnode∑
a=1

N̂axa (4.5)
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where N̂a are the nodal shape functions over Ω. For the coordinates xh to be admis-

sible, they must additionally be consistent with the displacement boundary conditions.

Finally, the deformation gradient F can be computed. From Eq. (4.3), the element-wise

approximation of F reads

F e
h = F Φ̄ · F−1

Φ̂
, (4.6)

with

F Φ̄ =
∂Φ̄

e
h

∂ξ
and F Φ̂ =

∂Φ̂
e

h

∂ξ
. (4.7)

Since Φ̄
e
h and Φ̂

e

h are diffeomorphisms, the inverses of F Φ̄ and F Φ̂ exist and consequently,

the deformation gradient F is well-defined.

4.4 Fundamentals of VALE formulations

By virtue of the preceding representations, the (pseudo) potential energy of the discretized

solid reads

Ih(xh,Xh, Th) = I(ϕh). (4.8)

Thus, in addition to being a function of deformation, Ih is also a function of the discretiza-

tion of the domain. The principle of minimum potential energy compels to minimize Ih
over its entire domain of definition and thus leads to the discrete minimum problem

inf
(xh,Xh,Th)∈Xh

Ih(xh,Xh, Th) (4.9)

where Xh is the discrete configuration space of the solid. Clearly, in classical finite element

formulations, the optimization problem

inf
xh

Ih(xh,Xh, Th)
∣∣∣
(Xh,Th)=const

(4.10)

is considered. Consequently, principle (4.9) can be understood as the canonical extension

of the classical formulation. It is obvious that Xh|(Xh,Th)=const ⊂ Xh. As a result,

inf
(xh,Xh,Th)∈Xh

Ih(xh,Xh, Th) ≤ inf
xh

Ih(xh,Xh, Th)
∣∣∣
(Xh,Th)=const

. (4.11)

Hence, the generalized optimization principle (4.9) leads indeed to an improvement of the

solution.

For ease of reference, the constraints that define the discrete configuration space Xh of

the solid are enumerated:

C1 Th is an abstract simplicial complex.

C2 The embeddings Φ̂
e

h : ΩM → R3 and Φ̄
e
h : ΩM → R3 are diffeomorphic.
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C3 {Ωe = Φe
h(Ω̂), e = 1, . . . , nelement} defines a partition of Ω.

C4 The discretization is conforming, i. e., ϕe
h = Φ̄

e
h ◦ Φ̂

e−1

h is the restriction to Ωe of a

continuous mapping ϕh.

C5 The deformations are admissible, i. e., ϕh = ϕ̄ on ∂Ω1.

The solution of the minimum problem (4.9) is not without difficulty. Thus, the constraint

C3 that the triangulation spans Ω introduces an interplay between discretization and ge-

ometry of the domain; the function Ih(xh,Xh, Th) may be strongly nonconvex in the first

two variables; and the minimization of Ih(xh,Xh, Th) with respect to the triangulation is

an exceedingly complex discrete minimization problem. The remainder of this chapter is

devoted to the formulation of solution procedures that effectively address the optimization

of the (pseudo) energy with respect to the nodal coordinates xh and Xh. An adaptive

strategy based on varying the connectivity Th will be presented in the next chapter.

4.5 Optimization of the positions

of the nodal coordinates

In this section, the subproblem of minimizing Ih(xh,Xh, Th) with respect to (xh,Xh)

while keeping the triangulation Th unchanged is considered. In order to preserve the

boundary representation of the domain the following constraints are enforced:

1. Vertices are fixed points of the reference configuration.

2. Edge nodes are required to remain within their edges.

3. Face nodes are required to remain within their faces.

These constraints introduce boundary conditions in the minimization of Ih(xh,Xh, Th)

with respect to Xh. In particular, the number of nodes in each surface edge and face

remains unchanged. The general minimization problem, including the optimization of

the connectivity of the mesh, is considered subsequently in Chapter 5. A more general

implementation that relaxes the constraints on the number of surface nodes is presented

in Section 4.7.
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4.5.1 Fundamentals

Provided that Ih is sufficiently differentiable, whenever xh and Xh are independent, a

necessary condition for (xh,Xh) being a minimum is

r :=
∂Ih
∂xh

= 0

R :=
∂Ih
∂Xh

= 0.

(4.12)

On the displacement boundary ∂Ω1, xh and Xh are related according to

δxh =
∂ϕ̄

∂Xh

δXh, (4.13)

and hence, are not independent. By virtue of this constraint, at ∂Ω1 the stationarity

condition of the functional Ih with respect to Xh is

∂Ih
∂Xh

+
∂Ih
∂xh

∂ϕ̄

∂Xh

= 0, (4.14)

instead of Eqs. (4.12).

4.5.1.1 Computation of the first derivatives

Explicit expressions for the residuals (r,R) can be derived in a straightforward manner, cf.

[Thoutireddy 2003; Thoutireddy & Ortiz 2004; Kuhl, Askes & Steinmann

2004]. For the sake of completeness they are given in this paragraph.

Clearly, the variation of Ih with respect to xh by keeping Xh constant is identical to the

discretized principle of virtual work known from classical (Lagrangian) finite element

methods. More specifically,

rI =
nele

AAA
e = 1

∫
Ω

GRADNi · P dV −
∫
Ω

ρ0 Ni B dV −
∫

∂Ω2

Ni T̄ dA. (4.15)

Analogous to Eq. (3.79), AAA denotes the assembly of all element contributions at the

local element node i to the global residual at the global node I ∈ {1, . . . , nnode}. The

non-standard derivative ∂Ih/∂Xh can be derived in a similar manner,

RI =
nele

AAA
e = 1

∫
Ω

GRADNi ·M dV −
∫
Ω

ρ0 GRADNi [B ·ϕ] dV

−
∫
Ω

[
GRADNi

(
F : P̄ + ϕ ·DIVP̄

)
− F T · P̄ ·GRADNi

]
dV.

(4.16)
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Here, M denotes the Eshelby momentum tensor, i. e.,

M := Ψ 1− F T · P (4.17)

and P̄ is an arbitrary tensor-valued function such that

P̄ ·N = T̄ ∀X ∈ ∂Ω2

P̄ ·N = 0 ∀X ∈ ∂Ω1.
(4.18)

For further details, refer to [Thoutireddy & Ortiz 2004]. While r = 0 corresponds to

classical Newtonian equilibrium, R = 0 is associated with equilibrium of the so-called

configurational forces or material forces. Since the latter are not standard in finite element

implementations (yet), a short physical interpretation is given in Subsection 4.5.1.3.

4.5.1.2 Computation of the second derivatives

Since the proposed VALE implementation is based on a Newton-type iteration, the

second derivatives of the (pseudo) potential Ih are required. After some straightforward

algebraic transformations they are obtained as

∂re
a

∂xe
b

=

∫
Ω

GRADNa

(2)
· ∂

2Ψ

∂F 2 ·GRADNb dV

∂Re
a

∂Xe
b

=

∫
Ω

GRADNa

(2)
· C ·GRADNb J dV

∂ra

∂Xb

=

∫
Ω

GRADNa

(2)
· ∂M
∂F
·GRADNb dV,

(4.19)

with

Cikjl = F−T (2)
· d2(Ψ J)

d
[
F−1

]2 · F−T . (4.20)

Clearly, for sufficiently smooth Ih, ∇2Ih is symmetric resulting in

∂Ra

∂xb

=

(
∂rb

∂Xa

)T

. (4.21)

Further details can be found in [Thoutireddy 2003; Thoutireddy & Ortiz 2004;

Askes, Kuhl & Steinmann 2004]. For the hyperelastic material model characterized

by the energy functional (2.29), the respective derivatives are summarized in Appendix B.

4.5.1.3 Comment on equilibrium of configurational forces

In classical mechanics, forces in the sense of Newton are considered, i. e., these forces

cause positional changes relative to the ambient space. In contrast to this viewpoint,
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material forces or configurational forces are closely related to Eshelby mechanics, cf.

[Eshelby 1951; Eshelby 1975]. More specifically, configurational forces are the driving

forces for positional changes relative to the ambient material. For instance, in fracture

mechanics, the force driving crack propagation is important. It is obvious that such a

force cannot be interpreted in the classical Newtonian framework.

Although comprehensive overviews on Eshelby mechanics and material forces can be

found in [Maugin 1993; Gurtin 2000; Maugin 2001; Steinmann 2002], the com-

putation of these forces by applying the finite element method has only been proposed

recently, cf. [Braun 1997]. This is relatively surprising, since according to Eq. (4.16),

once the deformation mapping is determined, the configurational forces can be computed

by a simple postprocessing step. Unfortunately, these so-called discrete configurational

forces do not possess all properties of their continuous counterparts. This can be shown

by a relatively simple example. Following [Eshelby 1951; Eshelby 1975], the material

force acting on a defect can be obtained from

R =

∫
S

M ·N dA (4.22)

where S is a closed surface containing the defect and N is the normal vector of the

hyperplane S. As a result, without a defect R vanishes. However, this is only true for

the analytical solution. If the finite element method is applied, the discretization leads

to additional configurational forces, cf. [Braun 1997]. As a consequence, physical and

numerical phenomena superpose. This is, of course, a serious problem, since those forces

cannot be interpreted anymore. For instance, in [Denzer, Barth & Steinmann 2003]

this effect can be observed. These authors applied the material force method to the

computation of the J-integral.

However, with the proposed VALE formulation this drawback can be avoided completely.

According to the variational principle governing the presented ALE method, the dis-

cretization is modified such that R = 0 for all nodes which are allowed to move (relative

to the ambient material). Consequently, the non-vanishing discrete configurational forces

are exclusively associated with a positional change of physical defects. The excellent

agreement between the analytical solution and discrete configurational forces computed

from the proposed VALE formulation has been pointed out in [Thoutireddy 2003;

Thoutireddy & Ortiz 2004]. In these works the authors compared the J-integral

predicted by the VALE formulation to the analytical solution.

4.5.2 Numerical ill-posedness of the optimization problem

Based on the linearizations (4.15), (4.16) and (4.19), several optimization strategies have

been implemented and applied to compute the solution of the minimum problem

inf
xh,Xh

Ih(xh,Xh, Th)
∣∣
Th=const

. (4.23)
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More specifically, the following schemes have been employed:

• a Newton iteration

• different types of conjugate gradient methods such as the Polak-Ribiére method

with different preconditioners

• limited memory LBFGS approaches, cf. [Liu & Nocedal 1989].

Each of the enumerated optimization algorithms has been adopted for solving prob-

lem (4.23) monolithically. In addition, staggered, i. e., nested, schemes have been an-

alyzed as well. The global convergence behavior of the schemes has been improved by

line search strategies. Further details are omitted. An excellent overview on optimization

methods is given in [Geiger & Kanzow 1999].

Although for relatively simple problems some of the algorithms find a local minimum,

the iterations fail to converge in general. A careful analysis of the optimization problem

reveals the following essential difficulties:

1. The minimizers can be vastly non-unique. For instance, for constant strain defor-

mations, the discrete energy Ih is independent of the nodal coordinates Xh.

2. The Hessian matrix can be singular. By way of illustration, consider the linearized

problem near the undeformed configuration. In this case one finds

∂2Ih

∂X2
h

=
∂2Ih
∂x2

h

= − ∂2Ih
∂xh ⊗ ∂Xh

= − ∂2Ih
∂Xh ⊗ ∂xh

(4.24)

which is clearly singular. Additional examples of this source of degeneracy are given

in Subsection 4.6.1.

3. The minimization problem is nonconvex in general. This lack of convexity is illus-

trated by the examples presented in Subsection 4.6.1, for which the Hessian matrix

is found to have a number of negative eigenvalues.

[Askes, Kuhl & Steinmann 2004] have proposed a dynamic constraint for eliminating

the rank-deficiency of the system of equations. The procedure consists of checking if the

absolute value of a component of the residual R associated with Xh is lower than a

numerical tolerance. If so, the corresponding equation is eliminated from the Newton

step. However, the rank-deficiency of the Hessian is not necessarily equal to the number

of vanishing components of R, i. e., the null subspace of the Hessian ∇2Ih needs not to

coincide with the space spanned by the degrees of freedom in configurational equilibrium,

and the rank-deficiency of the system is not eliminated by constraining the latter space.

In addition, the modes corresponding to negative eigenvalues are not stabilized by the

procedure.
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For the elimination of the rank-deficiency, three different concepts have been implemented.

The first is based on a pseudo-inverse, i. e., with the spectral decomposition of the Hes-

sian

∇2Ih =

nDOF∑
i=1

λi ni ⊗ ni (4.25)

the pseudo-inverse

inv(∇2Ih) :=

nDOF∑
i=1

inv(λi) ni ⊗ ni, (4.26)

with

inv(λi) :=

{
1/λi ∀|λi| > TOL

0 ∀|λi| ≤ TOL,
(4.27)

has been used. Additionally, the modified inverse

inv(λi) :=

{
1/λi ∀λi > TOL

0 ∀λi ≤ TOL
(4.28)

has been applied as well. The third alternative is the modified Cholesky decomposition

according to [Schnabel & Eskow 1990]. In this concept, the Hessian is approximated

by means of a symmetric and positive definite matrix. These methods have been combined

with a Newton iteration. That is, instead of the standard search direction

d = −[∇2Ih]
−1 ∇Ih, (4.29)

d is replaced by

d = −[A]−1 ∇Ih, (4.30)

with A representing one of the three different approximations of the Hessian. Since for

the second and third method A is symmetric and positive definite, they result in a descent

direction, cf. [Geiger & Kanzow 1999].

The modified Newton’s methods improve significantly the robustness of the proposed

VALE formulation. However, for several problems convergence is not attained. For this

reason, a novel solution scheme is developed in the next subsection.

Remark 4.5.2.1 All Newton-type iterations briefly discussed in this subsection show

the following properties:

• The criterion

∇Ih(xk) · dk ≤ −ρ ||dk||p (4.31)

is checked. If it is not fulfilled, dk is set to dk = −∇Ih(xk). Obviously, this criterion

ensures that the direction dk is a descent direction.

• An Armijo line search is applied, i. e.,

tk = max{βl | l ∈ N0} : Ih(xk + tk dk) ≤ f(xk) + σ ∇Ih(xk) · dk. (4.32)
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Here, for the sake of brevity, the notation x = (xh,Xh) has been introduced. The number

k indicates the k-th iteration. The numerical parameters ρ, p, β and σ have to be chosen

such that ρ > 0, p > 2, β ∈ (0, 1), σ ∈ (0, 1/2). According to [Geiger & Kanzow

1999], for any function Ih ∈ C2, the enumerated properties guarantee that every cluster

point generated by the sequence (xk)k∈N is a stationarity point of Ih. As a result, if Ih
is bounded below, the algorithm converges. Clearly, this property does not imply that

convergence is attained in practice.

4.5.3 Viscous regularization of the configurational forces

In this subsection, an alternative stabilization strategy based on a viscous regularization

of the configurational forces is proposed. To this end, problem (4.9) is replaced by the

following sequence of problems:

inf
(xn+1,Xn+1)∈Xh

In(xn+1,Xn+1) (4.33)

where n = 0, . . . , (x0,X0) is given, and

In(xn+1,Xn+1) := Ih(xn+1,Xn+1) + α ||Xn+1 −Xn||2 (4.34)

is a regularized incremental energy function in which α ≥ 0 is a numerical parameter

and || · || is the Euclidean norm. The function In(xn+1,Xn+1) is the potential for the

equations resulting from a backward-Euler time discretization of the gradient flow

∂Ih
∂xh

= 0 (4.35a)

dXh

dt
+

∂Ih
∂Xh

= 0. (4.35b)

The stationarity conditions are now

∂In
∂xn+1

=
∂Ih
∂xh

∣∣∣∣
xn+1,Xn+1

= rn+1 = 0 (4.36a)

∂In
∂Xn+1

=
∂Ih
∂Xh

∣∣∣∣
xn+1,Xn+1

= Rn+1 + 2α (Xn+1 −Xn) = 0, (4.36b)

and the corresponding Hessian is

∂2In
∂x2

n+1

=
∂2Ih
∂x2

h

∣∣∣∣
xn+1,Xn+1

(4.37a)

∂2In
∂xn+1 ⊗ ∂Xn+1

=
∂2Ih

∂xh ⊗ ∂Xh

∣∣∣∣
xn+1,Xn+1

(4.37b)

∂2In

∂X2
n+1

=
∂2Ih

∂X2
h

∣∣∣∣
xn+1,Xn+1

+ 2 α1. (4.37c)
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From Eq. (4.37c) follows that the regularized Hessian can be made positive definite

by choosing α sufficiently large. In addition, if the iteration converges, it follows that

||Xn+1 −Xn|| → 0. Consequently, the viscous term in (4.36b) becomes negligibly small

as convergence is attained.

In calculations, a Newton iteration according to Remark 4.5.2.1 is used. The resulting

stabilized iterative procedure can be summarized as follows:

1. Initialize xh = x0, Xh = X0, set n = 0.

2. Compute the solution (xn+1,Xn+1) of the regularized problem (4.33) by a Newton

iteration.

3. If ||xn+1 − xn|| < TOL and ||Xn+1 −Xn|| < TOL exit.

4. Reset n to n+ 1, go to 2.

According to Remark 4.5.3.1, the iterative procedure generates a monotonically decreasing

sequence of energies. As a consequence, under displacement control, the energy is bounded

below and consequently, the energy is guaranteed to converge.

It should be carefully noted that the choice of α influences the rate of convergence. In

particular, a large α tends to slow down convergence. Hence, in calculations α is set to

the smallest value resulting in a strictly convex incremental energy function In. More

specifically, α is chosen such that the spectrum of ∇2In is minorized by a prespecified

tolerance TOL. It is noteworthy that, by this criterion, if the original problem is strictly

convex, α equals zero and the problem is not regularized, cf. Remark 4.5.3.2.

Remark 4.5.3.1 In this paragraph, it is shown that the sequence (Ih(xn,Xn))n∈N gen-

erated by the proposed algorithm is monotonically decreasing. In what follows, x
(k)
n+1 and

X
(k)
n+1 denote the solution of the k-th iteration step predicted by the advocated Newton’s

method. According to Remark 4.5.2.1, the proposed solution strategy guarantees that

In(x
(k)
n+1,X

(k)
n+1, Th) ≥ In(x

(k+1)
n+1 ,X

(k+1)
n+1 , Th). (4.38)

Applying this inequality leads to

Ih(xn,Xn, Th) = Ih(xn,Xn, Th) + α ||X(0)
n+1 −Xn||2︸ ︷︷ ︸

= 0
= In(x

(0)
n+1,X

(0)
n+1, Th)

≥ In(x
(k)
n+1,X

(k)
n+1, Th)

= Ih(x
(k)
n+1,X

(k)
n+1, Th) + α ||X(k)

n+1 −Xn||2︸ ︷︷ ︸
≥ 0

≥ Ih(x
(k)
n+1,X

(k)
n+1, Th) ≥ Ih(xn+1,Xn+1, Th).

(4.39)
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Hence, the sequence (Ih(xn,Xn))n∈N generated by the viscous-type relaxation is indeed

monotonically decreasing.

Remark 4.5.3.2 The relaxation parameter α is obtained from

α = inf{α ∈ R+ | λmin(∇2In(α)) > TOL}, (4.40)

with λmin denoting the smallest eigenvalue. In practice, the condition λmin(∇2In(α)) >

TOL is only checked for certain values of α.

4.6 Numerical examples

In this section, the applicability, performance and robustness of the proposed viscous-

type relaxation are demonstrated by means of two numerical examples. Stretching of a

slab is analyzed in Subsection 4.6.1. This example highlights two important facts. First,

without a relaxation, the mechanical minimization problem is ill-posed. Second, allowing

the nodes to move on the boundaries is essential. Otherwise, these boundary conditions

induce topological constraints that limit the range of attainable meshes. The second

example presented in Subsection 4.6.2 is a VALE computation of a uniaxial tensile test

of a notched specimen. It illustrates that anisotropic meshes are, in general, superior to

their isotropic counterparts.

4.6.1 Stretching of a slab

The first example concerns the stretching of a slab of dimensions L×L×L/4. The slab is

clamped on two opposite sides and is subjected to prescribed extensional displacements.

The nominal stretch ratio is 1.5 and the entire deformation is applied in one step. The

discretization of the domain is coarse and contains 80 elements. In all examples, the

material is neo-Hookean with strain-energy density

Ψ(F ) =
1

2
λ log2 J +

1

2
µ (F : F − 3− 2 log J) . (4.41)

In calculations the Lamé constants are set to λ = 12115.38 MN/m2 and µ =

8071.92MN/m2, respectively. A similar problem was analyzed in [Mueller & Maugin

2002] and [Askes, Kuhl & Steinmann 2004]. However, in contrast to those refer-

ences, three-dimensional tetrahedral elements are used here and the nodes are allowed to

move within the boundary.

The undeformed and the computed deformed configuration in the absence of mesh adap-

tion are shown in Fig. 4.2. The energy Ih corresponding to this solution is I
(1)
h =

577.859 MNm. By way of comparison, the results obtained by means of the varia-

tional r-adaptive scheme are shown in Fig. 4.3. As may be observed in this figure, the
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a)

b)

Figure 4.2: Stretching of a neo-Hookean hyperelastic block. Fixed-mesh solution: a)

undeformed configuration; b) deformed configuration

a)

b)

Figure 4.3: Stretching of a neo-Hookean hyperelastic block. r-adapted solution: a)

undeformed configuration; b) deformed configuration

nodes move towards the clamped sides. The energy resulting from the adaptive scheme

is I
(2)
h = 562.300 MNm, or a 2.8% reduction with respect to the non-adaptive scheme. In

order to gage the effect of the motion of the nodes on the boundary, an additional com-

putation is performed by constraining the respective degrees of freedom on two boundary

faces. The optimized undeformed and deformed configurations are shown in Fig. 4.4. The

resulting energy is now I
(3)
h = 569.678 MNm, which represents a 1.4% reduction from the

non-adaptive energy I
(1)
h . As expected, I

(1)
h ≥ I

(3)
h ≥ I

(2)
h and the addition of constraints

on the motion of boundary nodes wipes out about half the energy gain due to adaption.

This test suggests that the motion of the boundary nodes is important and cannot be

neglected in general.
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a)

b)

Figure 4.4: Stretching of a neo-Hookean hyperelastic block. r-adapted solution with

surface nodes constrained on two boundary faces: a) undeformed configura-

tion; b) deformed configuration

converged solution
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Figure 4.5: Stretching of a neo-Hookean hyperelastic block. Distribution of the eigen-

values of ∇2Ih: a) for a predictor step defined by the standard minimization

principle (4.9); b) for the converged solution

The convexity of the minimization problem and the singularity of the Hessian can be

monitored by means of the eigenvalues of ∇2Ih, Fig. 4.5. The dashed and solid lines in the

figure correspond to the converged r-adaptive scheme and a predictor step, respectively.

Owing to the large number of null or nearly-null eigenvalues the problem is highly singular.

Furthermore, the smallest eigenvalue obtained for the predictor step is λmin = −5.19745

which illustrates the lack of convexity of the problem. In consequence, a direct Newton’s

iteration applied to the unregularized problem does not converge in general. However, it

should be noted that two-dimensional problems and boundary motion constraints, such as

considered by [Askes, Kuhl & Steinmann 2004], add to the stability of the problem.
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L L

L/2

L/2

L ϕ1 = L/2

Figure 4.6: Numerical study of a uniaxial tensile test of a notched specimen: dimensions

and loading conditions; thickness of the solid L

Under those conditions it is often possible to solve for the r-adapted solution directly

without regularization.

4.6.2 Uniaxial tensile test of a notched specimen

Next, the r-adaption is applied to the numerical analysis of a uniaxial tensile test of a

notched specimen. The dimensions of the structure and the boundary conditions are

depicted in Fig. 4.6. The material model is the one used in the previous subsection. Since

the structure is symmetric with respect to three orthogonal surfaces, only an eight of the

system is discretized.

4.6.2.1 r-adaption based on viscous-type relaxation of configurational forces

The initial finite element mesh is shown in Fig. 4.7a). It contains 1280 tetrahedral el-

ements. First, the deformation of the body is computed by the standard minimization

principle (4.10). The results are shown in Fig. 4.7b). The energy associated with this

solution is about I
(1)
h = 5.557644 · 104 MNm.

The results obtained from the r-adaption are given in Fig. 4.8. As in the previous example,

the nodes move towards the region of highest energy density, i. e., towards the crack tip.

For this example, the proposed adaption leads to an improvement of the solution of about

3.9% (I
(2)
h = 5.350944 · 104 MNm).

4.6.2.2 On enforcing small aspect ratios of the finite elements

For some applications it is important to avoid elements with large aspect ratios. For

instance, if iterative solvers are used, the number of necessary iterations depends on the

condition of the Hessian. It is well known that this number converges to infinity for

degenerated elements, cf. [Shewchuk 2002]. Thus, highly distorted elements can slow
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a)
b)

Figure 4.7: Numerical study of a uniaxial tensile test of a notched specimen: results

computed from the standard problem (4.9): a) undeformed mesh; b) de-

formed mesh

a)
b)

Figure 4.8: Numerical study of a uniaxial tensile test of a notched specimen: results

obtained from the proposed r-adaption: a) undeformed mesh; b) deformed

mesh

down the computation. As a consequence, the effect of enforcing small aspect ratios

of the finite elements on the solution is analyzed in this paragraph. For that purpose,

an additional r-adaption is performed. However, the viscous-type relaxation is not used

anymore. Instead, the alternative relaxation

Ĩ(xh,Xh) = Ih(xh,Xh) + α̃ Igeo(Xh) (4.42)

is adopted here. According to Eq. (4.42), the objective function to be minimized consists

of the classical physical energy Ih and a purely geometrical part. More specifically, Igeo
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Figure 4.9: Numerical study of a uniaxial tensile test of a notched specimen: energy

Ih computed by using different strategies: optimization of Ĩ according to

Eq. (4.42) (geom. relax.); the viscous-type relaxation (4.33) (visc. relax);

optimization of Ih with respect to xh only (standard). The energy corre-

sponds to an octant of the system.

depends only on the geometry of the undeformed configuration. Clearly, since

∂Ĩ

∂xh

=
∂Ih
∂xh

, (4.43)

every minimum of Eq. (4.42) fulfills the discrete equilibrium conditions in the sense of

Newton. However, the configurational forces are not necessarily in equilibrium. Based

on a suitable choice for Igeo, elements showing a relatively large aspect ratio can be

penalized. In this paragraph, Igeo is specified by

Igeo =

nele∑
e=1

f−1(Ωe), (4.44)

with f denoting a tetrahedral shape measure, cf. Remark 4.6.2.1 and Appendix A. This

function assures that Igeo, and consequently Ĩ, converge to infinity, if an element degener-

ates (its volume converges to zero). Evidently, the minimum of Igeo is attained for meshes

consisting of elements with relatively small aspect ratios.

Based on minimizing Eq. (4.42) an additional r-adaption is performed. As a shape mea-

sure, a function f depending on the element condition number is used, cf. [Knupp 2000a;

Knupp 2000b; Freitag & Knupp 2002]. More details can be found in Appendix A.

Again, the minimization problem is computed by applying Newton’s method, together

with the line search strategy according to Remark 4.5.2.1.

The physical energies Ih predicted by the optimization problem inf Ĩ(xh,Xh) are sum-

marized in Fig. 4.9. Obviously, the results depend on the regularization parameter α̃.

For the sake of comparison, the energies as obtained from the viscous-type relaxation
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Figure 4.10: Numerical study of a uniaxial tensile test of a notched specimen: smallest

eigenvalues of ∇2Ĩ: a) for a predictor step; b) for the converged solution

discussed in Subsection 4.5.3. and the standard formulation (Xh is kept fixed) are shown

as well. It can be seen that enforcing elements with small aspect ratios (large values of

α̃) conflicts with minimizing the physical energy of the mechanical system. In the case of

the analyzed example, the initial discretization represents the minimum of the problem

inf Igeo. As a consequence, the solution associated with large values of α̃ is identical to

the classical approach (Xh = const). On the other hand, if α̃ is sufficiently small, the

solution of inf Ĩ converges to the one predicted by the purely mechanical minimization

problem inf Ih. It is evident from this example that the optimum of the purely geometrical

criterion inf Igeo and that of Ih do not coincide in general. Thus, from a mechanical point

of view, enforcing small aspect ratios of the elements does not make sense.

It is noteworthy that Eq. (4.44) indeed eliminates the ill-posedness of the original problem

inf Ih. More precisely, if α̃ is chosen sufficiently large, the term α̃ Igeom makes the Hessian

of Ĩ positive definite. This effect is illustrated in Fig. 4.10.

The analysis of the presented numerical example leads to the idea to consider the mini-

mization problem (4.42) for sufficiently small values of α̃ alternatively to the viscous-type

relaxation. This approach would be physically and mathematically sound, since the me-

chanical problem (the minimum of Ih) does not change, and the well-posedness is enforced

by elements having small aspect ratios. Unfortunately, this method does not work in gen-

eral. For instance, if it is applied to the example in Subsection 4.6.1, the problem requires

a relatively large value of α̃ to eliminate the ill-posedness. Hence, the effect of the term

Igeom becomes more dominant and as a result, the difference between the physical energies

Ih predicted by the problems inf Ĩ and inf In is significant.

Remark 4.6.2.1 Several different definitions of tetrahedral shape measures can be found

in the literature. A widely accepted one is given in [Dompierre, Labbe & Camerero

1984]. Here, the defining criteria are re-written by using a different notation. A function

f depending on the vertex coordinates Xe = {Xe
1,X

e
2,X

e
3,X

e
4} of a tetrahedron e is
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referred to as a tetrahedral shape measure, if the following properties are fulfilled:

• f ∈ C(Xe, [0, 1])

• f = 0 ⇐⇒ e is degenerated

• f = 1 ⇐⇒ e is ideal (all edges have the same length)

• f(Xe) = f(X̃
e
) with X̃

e

i = c Q Xe
i + a, ∀c > 0, ∀a ∈ R3 and ∀Q ∈ SO(3)

The last point enumerated enforces that the shape measure is invariant with respect to

translations, rotations and the size of the considered element. It should be noted that the

invariance of f with respect to the size of the elements was not postulated in [Dompierre,

Labbe & Camerero 1984]. Further details on tetrahedral shape measures are given

in Appendix A.

4.7 Node migration in and out of the boundary

Throughout the preceding developments the constraints have been enforced that surface

nodes remain in the surface and move within their corresponding surface component,

namely within their faces or edges; and that vertices in the boundary representation of the

domain remain fixed. As a consequence, the number of nodes in every edge and face of the

boundary remains constant. These boundary conditions introduce topological constraints

that limit the range of attainable meshes. A more general and flexible approach that

allows nodes to migrate in and out of the boundary is presented next.

Node migration from the interior to the boundary can happen spontaneously during the

solution scheme presented in the foregoing and requires no additional algorithmic devel-

opment. When an interior node collides with the boundary, zero volume elements, or

slivers, are generated. These slivers are then eliminated during the mesh-improvement

phase of the solution.

4.7.1 Fundamentals

In order to have a practical O(N) method for allowing nodes to migrate out of the

boundary two approximations are introduced: the problem is localized by considering

one boundary node and its ring of adjacent elements in turn; and the energy release is

estimated locally by fixing the remaining nodes of the model. Thus, the algorithm is

applied by traversing the boundary nodes in turn. For each node that is not a vertex

the ring of elements adjacent to the node is identified (the local neighborhood). Next, the

node is pushed inside its local neighborhood and the local mesh is reconstructed. In so
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doing, care must be exercised in ensuring that all vertices, edges and faces in the bound-

ary representation of the domain be preserved. Based on this new mesh topology, a local

optimization is effected. It consists of: equilibrating the node, now in the interior; and

optimizing its position and the local triangulation. In the course of this local optimization

the displacements and positions of all remaining nodes in the model are held fixed. The

move is accepted, if the energy release −∆Iloc thus estimated is positive and exceeds a

prespecified tolerance. Otherwise, the node is left unchanged.

The complete r-adaption procedure accounting for boundary node migration is:

1. Initialize xh = x0, Xh = X0, set n = 0.

2. Compute the solution (xn+1,Xn+1) of the regularized problem (4.33) using a New-

ton iteration.

3. Migrate boundary nodes into the interior.

4. If ||xn+1 − xn|| < TOL, ||Xn+1 −Xn|| < TOL and no boundary nodes migrate into

the interior exit.

5. Reset n to n+ 1, go to 2.

As in the preceding cases, the iterative procedure produces a monotonically decreasing

sequence of energies. Consequently, under displacement control, the energies are bounded

below and, hence, the energy is guaranteed to converge.

It is noted that the energy release −∆Iloc computed from the local procedure is a lower

bound on the maximum energy release −∆Ih attainable by the migration of the node to

the interior. This makes the scheme conservative, i. e., it tends to suppress node migration

into the interior. Evidently, better local energy release estimates can be obtained – at

some increase in computational complexity – by considering larger local neighborhoods

of the boundary nodes including additional rings of elements. The algorithm guarantees

that node migration from the boundary indeed lowers the energy of the body. In addition,

the migration of each boundary node requires the solution of a local problem involving

six degrees of freedom only, and the algorithm is O(N) as desired.

Considerable speed-up may also be achieved in some cases by a simple screening criterion

based on the magnitude and direction of the configuration forces. Thus, if a is a surface

node located at a point of smoothness of a face in the boundary representation of the

domain, N a is the outward normal at a and Ra is a component of R at a, then

fa = Ra ·N a (4.45)

is the configuration force tending to push the node into the interior. Equivalently, Ra ·N a

is the energy-release rate corresponding to an infinitesimal migration of the node into the
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a)
b)

Figure 4.11: Bending of a neo-Hookean hyperelastic cantilever beam; fixed-mesh solu-

tion: a) undeformed configuration; b) deformed configuration

interior. If a is a non-smooth point of the boundary, the corresponding configurational

force is

fa = max
Na∈Ka

Ra ·N a (4.46)

where Ka is the outward normal cone at a. Applying Eq. (4.46), target surface nodes for

possible migration into the interior are marked, if fa exceeds a certain tolerance, and are

skipped otherwise.

4.7.2 Example: Bending of a cantilever beam

The applicability as well as the efficiency of the proposed node migration algorithm is

demonstrated by means of a numerical analysis of a bending problem. The cantilever

beam is of dimensions L × L/4 × L/8. The tip of the beam is given a deflection of

magnitude L/8 at two nodes. The material is of neo-Hookean hyperelastic type with

strain-energy density (4.41). The Lamé constants are set to λ = 12115.38 N/mm2 and

µ = 8071.92N/mm2, which corresponds to a Young’s modulus E = 21000 N/mm2 and

a Poisson’s ratio ν = 0.3. The energy tolerance for the termination of the iterative

solution scheme equals 1.0 · 10−5.

The initial discretization contains 54 nodes and 80 tetrahedral elements, Fig. 4.11a). By

way of comparison, the deformation computed without adaption is shown in Fig. 4.11b).

The corresponding energy is I
(1)
h = 57.0510 MNm.

Next, the problem is recalculated by means of the proposed r-adaption procedure. First,

node migration is not allowed. The resulting extended system has 202 degrees of freedom.

The computed optimal node location is shown in the undeformed and deformed config-

urations in Figs. 4.12a) and Figs. 4.12b), respectively. It is evident from these figures
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a)
b)

Figure 4.12: Bending of a neo-Hookean hyperelastic cantilever beam; r-adapted so-

lution (without node migration to and from the surface): a) undeformed

configuration; b) deformed configuration

that the nodes move towards the clamped end, i. e., towards the region of highest energy

density. For this calculation, the corresponding energy is I
(2)
h = 52.9402 MNm. Hence,

the energy could be lowered by 7.8% compared to the fixed-mesh solution.

Finally, the problem is recomputed including r-adaption and node migration in and out

of the surface. The surface node with the highest inward configurational force is marked

by a white circle in Fig. 4.12a). This node ends up leaving the surface and entering

the interior of the domain. The computed optimal node location and triangulation are

shown in the undeformed and deformed configurations in Figs. 4.13a) and Figs. 4.13b),

respectively. The final mesh contains 86 elements. The reconstruction of the mesh in the

vicinity of the clamped end is particularly noteworthy. The final energy computed by

means of the complete r-adaption procedure is I
(3)
h = 52.2553 MNm, corresponding to a

9.2% reduction with respect to the fixed-mesh solution.

4.8 Extension of the VALE formulation

to standard dissipative media

The VALE formulation as discussed in this section requires that the considered mechanical

problem is characterized by a variational structure. More specifically, the primary variable

has to be governed by a minimization principle. Since, according to Section 2.5, standard

dissipative media comply with this requirement, the presented VALE method can be

applied to such models in principle.

However, a careful analysis of the advocated VALE formulation reveals two problems.

First, standard dissipative media such as plasticity theories are based on rate equations.
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a)
b)

Figure 4.13: Bending of a neo-Hookean hyperelastic cantilever beam; r-adapted solu-

tion and node migration to and from the surface: a) undeformed configu-

ration; b) deformed configuration. The surface node marked with a white

circle in Fig. 4.12a) migrates into the interior of the domain.

For instance, the evolution equations of the plastic velocity gradient and the internal

variables according to Eqs. (2.46) or (2.49) are rate dependent. Such equations include

the material time derivative, i. e.,

ḟ =
∂f

∂t

∣∣∣∣
X=const

. (4.47)

Adopting this to a VALE framework leads to

ḟ =
∂f

∂t

∣∣∣∣
ξ=const

+
∂f

∂ξ
· ∂ξ
∂X
· ∂X
∂t

=
∂f

∂t

∣∣∣∣
ξ=const

+
∂f

∂ξ
· F−1

Φ̂
· Ẋ

(4.48)

(see Fig. 4.1). Thus, the derivative consists of two parts. While the first of those is

standard, the second term is related to advection. Clearly in classical Lagrangian

formulations Ẋ = 0 and hence, this terms drops out. However, within the proposed

VALE framework, advection has to be taken into account what can cause numerical

problems, cf.[Armero & Love 2003].

The other problem associated with an extension of the VALE formulation to standard

dissipative media is related to the transfer of the history variables. Since a variation of

Xh leads to a change in the triangulation, the positions of the integration points change

as well. Consequently, the history variables which are typically defined pointwise (at

the integration points) have to be transfered. Again, this problem does not occur in

a classical Lagrangian formulation. It is noted that the problems just discussed are

strongly related to one another.
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Fortunately, both problems can be solved. According to [Ortiz & Quigley 1991]

(see also [Radovitzky & Ortiz 1999]), the required transfer operator of the history

variables follows consistently from the variational principle. However, this operator is not

unique, i. e., it depends on the interpolation of the internal variables and thus, several

suitable procedures exist. In the present work, those variables are assumed to be piecewise

constant over the Voronoi cell containing the Gauss point g of the element e. As

mentioned in [Radovitzky & Ortiz 1999], for such an approximation, the transfer

of the history variables simplifies considerably. More specifically, the state variable at a

new quadrature point is simply the state variable of the nearest old quadrature point.

This procedure shows two important properties. First, the numerical implementation is

straightforward and if it is coded properly, it is very efficient. Second, internal constraints

such that det F p = 1 are preserved.

If the approximation of the history variable f is constant over the Voronoi cell containing

the Gauss point g of the element e, the (approximated) material time derivative yields

ḟ =
∂f

∂t

∣∣∣∣
ξ=const

, since
∂f

∂ξ
= 0. (4.49)

As a result, the advective term drops out and the standard case is obtained. Consequently,

the only crucial modification necessary for the extension of the VALE formulation to

standard dissipative media is the implementation of a data structure allowing to compute

efficiently the nearest old quadrature point of a given point.

4.9 Further improvements of the VALE formulation

In this chapter the optimization problem

inf
xh,Xh

Ih(xh,Xh, Th)
∣∣
Th=const

(4.50)

has been considered. That is, the connectivity of the mesh has been kept fixed. However,

according to [Thoutireddy 2003; Thoutireddy & Ortiz 2004], this may introduce

strong topological – or locking – constraints. As a result, it may restrict the range of

meshes that can be attained and, consequently, the quality of the solution. For this

reason a method which improves the connectivity of the mesh is discussed in the next

chapter.
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Chapter 5

A variational-based remeshing

strategy

In this chapter, a novel variational-based remeshing strategy is presented. The advocated

procedure can be applied to any finite element formulation provided the primary variable

follows from an extremum principle such as the principle of minimum potential energy or

the postulate of maximum dissipation characterizing standard dissipative media. Based

on so-called Lawson flips, the topology of an initial triangulation is modified locally

such that the solution associated with the new discretization is closer to the analytical

extremum. As a consequence, the proposed strategy guarantees an improvement of the

solution.

5.1 Introduction

In the previous chapter, a variational r-adaption governed by the principle

inf
xh,Xh

Ih(xh,Xh, Th)
∣∣∣
Th=const

(5.1)

has been developed. Evidently, the triangulation of a node set is not unique, and the

discrete energy depends on the precise manner in which the node set is triangulated.

[Thoutireddy 2003; Thoutireddy & Ortiz 2004] proposed a VALE formulation in

which they constrained the mesh so as to remain Delaunay at all times, and the Delau-

nay condition was enforced by means of local Lawson flips [Joe 1989; Joe 1991]. In

two dimensions and in the context of potential theory, the Delaunay triangulation does

indeed minimize the energy of the body among all possible triangulations [Rippa 1990].

However, in three dimensions and for general energies the Delaunay triangulation is not

necessarily energy-minimizing. In the context of finite elasticity or standard dissipative

media, where a (pseudo) principle of minimum potential is paramount, it is more natural
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to demand that the mesh connectivity itself, in addition to the mesh geometry, be energy

minimizing. Hence, the canonical extension of problem (5.1)

inf
xh,Xh,Th

Ih(xh,Xh, Th) (5.2)

is considered. However, in contrast to the VALE formulation corresponding to Eq. (5.1),

finding the energy-minimizing triangulation Th represents a discrete problem, i. e.

Ih(xh,Xh, Th)|Th=const ∈ Cn but Ih(xh,Xh, Th)|(xh,Xh)=const : A → R with card(A) < ∞
(n being sufficiently large). As a consequence, problem (5.2) requires different solution

schemes compared to the VALE formulation driven by Eq. (5.1). For this reason, prob-

lem (5.2) is decomposed additively. First, the nodal coordinates are optimized by applying

the methods discussed in the previous chapter, cf. Eq. (5.1). Subsequently, the optimiza-

tion problem

inf
Th

Ih(xh,Xh, Th)
∣∣∣
(xh,Xh)=const

(5.3)

is solved. More specifically, a staggered solution scheme is adopted. A novel, efficient

procedure for finding the energy-minimizing triangulation according to problem (5.3) is

presented in this chapter. It follows to a large extent [Mosler & Ortiz 2005].

5.2 Fundamentals

Let Th denote a particular triangulation of the node set defined, e. g., by means of a

connectivity table. The connectivity table is subject to topological constraints ensuring

that the triangulation of the node set defines a simplicial complex and the interpolation

is conforming. Problem (5.3) is discrete as regards the connectivity optimization and,

therefore, its exact solution is generally unattainable for large problems. For instance,

for a two-dimensional mesh of N nodes [Aichholzer, Hurtado & Noy 2004] have

obtained the lower bound 0.092 · 2.33N on the number of possible triangulations, which is

a staggering number for large meshes. Instead of attempting an exhaustive search of the

absolute energy-minimizing triangulation, discretizations are determined in this chapter

that are local minima of the energy, i. e., meshes that minimize the energy with respect

to a certain class of variations.

According to [Lawson 1972], any triangulation of a two-dimensional node set can be

attained by means of a finite sequence of local transformations, or edge swaps. These

transformations are sometimes called Lawson flips [Lawson 1986] and consist of swap-

ping the diagonals of the quadrilateral defined by pairs of adjacent triangles, see Fig. 5.1.

This strategy can be extended to n-dimensional triangulations [Lawson 1986]. However,

in three dimensions it is not known whether an arbitrary triangulation can be attained

by the application of a finite sequence of local transformations to a given mesh. In three

dimensions the local transformations represent all possible triangulations of five non-

coplanar vertices of adjacent tetrahedra, cf. [Lawson 1986]. These transformations can
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T22

Figure 5.1: Lawson flip in two dimensions

be classified as T23, T32, T22 and T44 according as to whether Tij transforms i elements

into j elements [Joe 1989; Joe 1991].

Suppose that (xh,Xh) are fixed and let µ(Th) denote the potential energy Ih(xh,Xh, Th)

regarded as a function of the connectivity Th. The objective is to determine the triangu-

lation Th that minimizes µ(Th) with respect to all local transformations Tij. To this end,

following [Joe 1995] the faces that are removed by the application of a local transfor-

mation are listed. Next, the face list is traversed sequentially and the local optimality of

the faces with respect to the function µ is evaluated. Thus, the face is said to be locally

optimal if µ is increased by the application of all transformations Tij that remove the

face. If a face is µ-locally optimal then no transformation is applied. Otherwise, the best

possible local transformation is selected. The algorithm terminates when all faces are

locally optimal.

Evidently, by virtue of the energy criterion the application of a local transformation neces-

sarily decreases the energy. However, a locally energy-minimizing mesh is not necessarily

globally energy-minimizing, since only local optimality is ensured. Thus, the algorithm

just described does not guarantee that a mesh not attainable by local transformations

does not decrease the energy further. It should be noted that in applying the preceding

algorithm a list of excluded faces that are not to be removed can be specified arbitrarily.

In particular, the algorithm can be applied in such a way as to leave the boundary of the

body unchanged. Hence, convexity of the domain is not required. It should also be care-

fully noted that the algorithm can be employed for minimization problems in general and

that it is completely independent of the r-adaptive procedure described in the foregoing.

Remark 5.2.0.1 In two dimensions, a Lawson flip does not change the number of ele-

ments of the discretization. Since any triangulation of a two-dimensional node set can be

attained by means of a sequence of those local transformations, all triangulations contained

in the set of admissible meshes have the same number of elements. Thus, a Lawson flip

can be interpreted as a transposition and the mapping between two discretizations as a per-

mutation consisting of compositions of Lawson flips. Clearly, the class of compositions

spanned by the proposed remeshing strategy does not contain all admissible transforma-

tions. As a result, even in the two-dimensional case, the algorithm just described does not
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guarantee that the global minimum corresponding to problem (5.3) is attained. Following

[Joe 1995], the solution of the algorithm can be further improved by enlarging the space

of admissible triangulations. More specifically, criterion

Ih(Told) ≥ Ih(Tnew) (5.4)

is not only checked after each single Lawson flip, but also after application of a compo-

sition containing more than one local transformation. For further details, the reader is

referred to [Joe 1995].

Remark 5.2.0.2 In what follows, xi = (xh,Xh) denotes the converged solution of trian-

gulation Ti. Then, the advocated algorithm generates a series of the type

Ih(T1, x1) ≥ Ih(T2, x1) ≥ . . . ≥ Ih(Tn, x1), (5.5)

i. e., the nodal coordinates are fixed, but the interpolation changes. Clearly,

Ih(Ti, x1) ≥ Ih(Ti, xi) ∀i ∈ {1, . . . , n} (5.6)

and hence,

Ih(T1, x1) ≥ Ih(Tn, xn). (5.7)

As a consequence, the proposed algorithm indeed improves the quality of the solution.

However, it should be noted that the inequality

Ih(Ti, xi) ≥ Ih(Tj, xj) i < j (5.8)

does not hold, in general. Consequently, there is no guarantee that the triangulation Tn

is better than any of the Ti’s for i ∈ {2, . . . , n − 1}. Clearly, Ineq. (5.8) can be enforced

by equilibrating every new triangulation Ti. However, such a strategy is very inefficient,

since it requires the computation of several large optimization problems.

5.3 Coupling of the energy-based remeshing strategy

with variational VALE formulations

Energy-driven mesh-optimization transformations can be built into the r-adaption proce-

dure according to Chapter 4 simply as follows:

1. Initialize xh = x0, Xh = X0, Th = T0, set n = 0.

2. Compute the solution (xn+1,Xn+1, Tn) of the regularized problem (4.33) by a New-

ton iteration.

3. Perform energy-minimizing mesh transformations to obtain (xn+1,Xn+1, Tn+1).
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4. If ||xn+1 − xn|| < TOL, ||Xn+1 −Xn|| < TOL and Tn = Tn−1 exit.

5. Reset n to n+ 1, go to 2.

Again, the iterative procedure produces a monotonically decreasing sequence of energies

and since, under displacement control, the energy is bounded below, the energy is guar-

anteed to converge. Mesh transformations become important and need to be performed

in the course of r-adaption. Indeed, the motion of the nodes may lead to mesh entangle-

ment if the transformations are not performed. Conversely, a constant mesh connectivity

constitutes a topological constraint that severely limits the meshes that can be attained

by r-adaptivity.

5.4 Numerical examples

The applicability as well as the performance of the local remeshing algorithm are demon-

strated by means of two examples. While in Subsection 5.4.1, the triangulation of a

cantilever slab is optimized using energy-driven Lawson flips, the efficiency of the cou-

pling of the energy-based remeshing strategy with the VALE formulation as discussed in

Chapter 4 is illustrated in Subsection 5.4.2 where a notched beam subjected to bending

is analyzed numerically.

5.4.1 Cantilever slab

First, the variational remeshing strategy is applied to the analysis of the cantilever slab

shown in Figs. 5.2 and 5.3. The dimensions of the slab are L× L× L/4. At the left end

the structure is clamped and at the right end a vertical displacement of magnitude L/5 is

prescribed at the top of the slab. For the material response, a hyperelastic model defined

by the potential (4.41) is adopted. The Lamé constants are set to λ = 12115.38 N/mm2

and µ = 8071.92N/mm2. They correspond to a Young’s modulus E = 21000 N/mm2

and a Poisson’s ratio ν = 0.3.

At first, the deformation is computed according to the standard problem inf Ih(xh), i. e.,

both the connectivity as well as the nodal coordinates with respect to the undeformed

configuration are kept fixed. Subsequently, the proposed remeshing strategy is applied and

the deformed configuration is computed again using the minimization problem inf Ih(xh).

Two different initial meshes are considered. The results are shown in Figs. 5.2 and 5.3.

According to these figures, the proposed algorithm leads to a remeshing of both initial

triangulations. With an initial energy of 18.0995 MNm (16.1732 MNm) and an improved

energy of 17.8216 MNm (15.9968 MNm), the reduction of energy is about 1.6% (1.1%) in

the case of the coarse (fine) mesh.
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a) b)

Figure 5.2: Numerical study of the energy-based remeshing strategy: deformed config-

uration before and after applying the energy-based remeshing strategy. The

initial and the final mesh contain 50 nodes and 96 tetrahedral elements.

a) b)

Figure 5.3: Numerical study of the energy-based remeshing strategy: deformed config-

uration before and after applying the energy-based remeshing strategy. The

initial mesh contains 243 nodes and 768 tetrahedral elements. The final

mesh consists of 767 elements.

It is noteworthy that both meshes illustrated in Fig. 5.2 are equivalent from a purely

geometrical point of view. More precisely, all elements shown in Fig. 5.2 have the same

quality in the sense of tetrahedral shape measures, cf. Remark 4.6.2.1 and Appendix A.

This follows from the fact that such a measure must be invariant to translations and

rotations. Hence, the energy-based remeshing strategy indeed differs from purely geomet-

rically based mesh improvement algorithms.
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Figure 5.4: Bending of a neo-Hookean hyperelastic notched beam. Fixed-mesh solu-

tion. One-half of the beam is discretized into 392 nodes and 1170 tetrahedral

elements.

5.4.2 Bending of a notched beam

The next example is concerned with bending of a notched beam of dimensions 101.6 ×
25.4 × 12.7 [mm], Fig. 5.4. The length of the notch is 8.47 mm. The beam is clamped

at both ends. A vertical displacement is applied to a 3.9 mm region of the top surface

centered on the symmetry plane. The material is neo-Hookean hyperelastic with strain-

energy density (4.41). The Lamé constants are set to λ = 12115.38 N/mm2 and µ =

8071.92N/mm2, which corresponds to a Young’s modulus E = 21000 N/mm2 and a

Poisson’s ratio ν = 0.3. This example illustrates the performance of the coupling of the

variational remeshing strategy with the VALE formulation presented in Chapter 4. The

energy tolerance for the termination of the VALE scheme according to Subsection 4.5.3

is set to 1.0 · 10−5. The symmetries of the problem are exploited to reduce the domain

of analysis to one half of the beam. The problem shows the behavior of the r-adaption

combined with the energy-based remeshing strategy in the presence of strong singularities

such as crack tips and corners.

The deformation of the initial finite element mesh is shown in Fig. 5.4. It contains 392

nodes and 1170 tetrahedral elements (half of the structure). The corresponding energy is

I
(1)
h = 75506.8 MNm.

Next, the solution is improved by applying the r-adaption procedure presented in Chap-

ter 4, together with the energy-based remeshing strategy. The results are shown in Fig. 5.5.
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a) b)

Figure 5.5: Bending of a neo-Hookean hyperelastic notched beam. r-adapted solution

with energy-based mesh-improvement (without node migration to and from

the surface): a) undeformed configuration; b) deformed configuration. The

solution is symmetric about the plane of the notch and only one half of the

beam is shown in the figures.

The energy of the adapted solution is I
(2)
h = 69672.2 MNm, corresponding to a 8.4% re-

duction with respect to the fixed-mesh solution. As is evident from the figure, the nodes

move towards to regions of highest strain-energy density, namely, the tips of the notches,

the region under the center loads, and the corners at the clamped ends. The reconstruc-

tion of the mesh in those regions resulting from the energy-based mesh improvements

is particularly noteworthy. For instance, a careful examination reveals that the optimal

mesh is highly anisotropic in the region of the crack tip. The anisotropy of the mesh

stands to reason, since the solution near the tip varies slowly along the crack front and

rapidly normal to it. That the energy-based criterion should discern this feature of the

solution and adapt the mesh to it is quite remarkable.

5.5 Further improvements of the VALE formulation

and the energy-based remeshing strategy

The coupling of the presented energy-based remeshing strategy with the variational VALE

formulations as discussed in Chapter 4 improves significantly the solution predicted by

the finite element method. However, in many cases it is necessary to enlarge the space

of admissible deformations further. For this reason, a novel variational h-adaption is

developed in the next chapter.



Chapter 6

A variational h-adaptive finite

element formulation

A variational h-adaptive strategy in which the evolution of the mesh is driven directly

by the governing minimum principle is proposed in this chapter. This minimum prin-

ciple is the principle of minimum potential energy in the case of elastostatics (cf. Sub-

section 2.3.2); and the minimum principle for the incremental static problem of elasto-

viscoplasticity according to Section 2.5. In particular, the mesh is refined locally when

the resulting energy or incremental pseudo-energy released exceeds a certain threshold

value. In order to avoid global recomputes, the local energy released by mesh refinement

is estimated by means of a lower bound obtained by relaxing a local patch of elements.

This bound can be computed locally, which reduces the complexity of the refinement algo-

rithm to O(N). The advocated h-adaption can be directly coupled with other refinement

strategies driven by energy minimization. As a prototype, a coupled, fully variational hr-

adaptive strategy is discussed. Because of the strict variational nature of the h-refinement

algorithm, the resulting meshes are anisotropic and outperform other refinement strate-

gies based on aspect ratio or other purely geometrical measures of mesh quality. Since

many problems in mechanics such as crack propagation are characterized by moving sin-

gularities, the proposed h-adaption is completed by an energy-driven coarsening strategy.

The versatility and rate of convergence of the resulting approach are illustrated by means

of selected numerical examples. The present chapter follows to a large extent [Mosler

& Ortiz 2006].

6.1 Introduction

h-adaptive finite element formulations for linear elliptic problems may be based on stan-

dard error estimates. In this context, adaptivity strives to minimize an error bound

among all meshes of a fixed size; or by the recursive application of local refinement steps
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(cf, e. g., [Verfürth 1996; Ainsworth & Oden 2000] for reviews). Error estimation

pre-supposes existence and uniqueness of the solution; relies strongly on the linearity of

the problem; and in the corresponding Hilbert-space structure of the solution space. In

addition, the standard error bounds require a certain regularity of the solution for their

validity, and averaging over patches of elements is typically required in order to estimate

the local errors (cf, e. g., [Ciarlet 1988]). Error estimates break down entirely when

the solution lacks regularity; and when loss or near-loss of ellipticity occurs, e. g., as a

consequence of localization instabilities.

If error estimation is not without difficulty in a linear framework, it is entirely inimical to

strongly nonlinear problems involving finite kinematics. Indeed, these problems often lack

uniqueness, owing to instabilities such as buckling, and even existence due to nonconvexity

arising from material instabilities, phase transitions and other root causes. Furthermore,

the topologies that are natural to these problems are often not normed, and the spaces

where solutions are to be found may not have a linear structure at all. As a consequence,

the framework of error estimation fails to apply to nonlinear mechanical problems in

general and hence, error indicators have to be used.

Even for linear elliptic problems, standard h-adaptive refinement strategies can be im-

proved in many cases. According to [Verfürth 1996], the development of a priori error

estimates can be decomposed into two parts. While the first of those is affected by the

properties of the considered mechanical problem, the second part results from interpo-

lation theory and consequently, it is problem independent. As regards the latter, shape

regularity is usually postulated, i. e., inequality

sup{he/ρe | e ∈ Th} <∞ (6.1)

is assumed to be fulfilled with he and ρe denoting the diameter of finite element e and the

diameter of the largest ball contained in e, respectively. However, it is well known that

anisotropic meshes which violate Ineq. (6.1) are more efficient in many cases, cf. [Simpson

1994; Apel 1999]. Unfortunately, the theory of error estimates for anisotropic meshes

is far less understood, see [Apel 1999].

The aforementioned problems motivate the development of adaptive finite element for-

mulations which can be applied to the numerical analysis of complex systems showing a

fully nonlinear behavior. Furthermore, provided the mechanical problem under consid-

eration is driven by energy minimization, anisotropic meshes should evolve, if they are

energetically favorable.

6.2 A local refinement strategy

Variational h-adaption relies on the underlying variational principle to drive the process

of mesh refinement and unrefinement. In particular, no error estimates are invoked at any
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stage of the adaption procedure. In this work, attention is confined to simplicial meshes

and edge bisection (cf. [Bänsch 1991b; Bänsch 1991a; Rivara 1991; Rivara &

Levin 1992; Rivara 1997]) as the device for achieving mesh refinement. Two different

strategies will be explained in this section.

In what follows, the set of all tetrahedra T defining the discretization is denoted as Th

and E(T ) represents the set of all edges E contained in element T . Consequently,

E(Th) =
⋃

T∈Th

E(T ) (6.2)

is the collection of all edges in the triangulation Th. Furthermore,

ωE =
⋃

E∈E(T )

T (6.3)

is the set of all neighboring elements of the edge E and the nodes Xa of an element T

are contained in N (T ), cf. [Verfürth 1996]. Hence, N (Th) is the set of all nodes.

6.2.1 A local refinement strategy based on marked edges

Suppose a physically sound error indicator or a mathematical-based error estimate has

marked edges to be refined. Then, the following algorithm is applied:

For all marked edges E, DO:

i) Determine ωE.

ii) ∀ T ∈ ωE : Cut the element T by bisecting the marked edge E.

For a certain edge, this method is illustrated in Fig. 6.1. Clearly, the resulting new trian-

gulation is always conforming, i. e., hanging nodes cannot be generated. The new nodes

are added by computing their positions based on the underlying geometry approximation

of the respective parent element. As a consequence, the boundary representation of the

structure considered does not change. It should be noted that the prescribed algorithm

is not stable. Hence, highly anisotropic meshes may evolve whose elements show large

aspect ratios. More precisely, examples can be easily generated demonstrating that the

obtained aspect ratios are not even bounded. However, it will be shown that this ratio

does not correlate well with performance in problems exhibiting strong directionality.

6.2.2 A local refinement strategy based on marked elements

Suppose now that elements have been marked for refinement by an error indicator. In

this case, an edge-bisection approach according to [Bänsch 1991b; Rivara 1991] is

applied. In contrast to the method described in Subsection 6.2.2, the algorithm is stable.
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a) b) c)

Figure 6.1: Edge-bisection of simplicial mesh: a) edge star before bisection; b) bisection

and reconstruction of the star of the bisected edge; c) edge bisection in a 10-

node tetrahedral element by using edge bisection. The filled circles designed

nodes existing prior to bisection; open squares indicate new nodes inserted

as a result of bisection

Rivara’s Longest-Edge Bisection method is defined as follows: Let E denote the list of

elements to be refined. Then:

i) Cut each element T ∈ E by bisecting its longest edge.

ii) Set E to the set of elements having nonconforming (hanging) nodes.

iii) Is E 6= ∅

YES: GOTO i)

NO: EXIT

Although the simplicity of the algorithm is noteworthy, the efficient handling of hanging

nodes is, from an implementational point of view, relatively cumbersome. For this reason,

Rivara’s Backward Longest-Edge Refinement Algorithm is adopted, cf. [Rivara 1997].

The interesting feature of this method is that the resulting refined meshes are identical to

those of the original method [Rivara 1991], but hanging nodes are not created at any

stage of the algorithm. Rivara’s approach is based on the computation of the so-called

Longest-Edge Propagation Path (LEPP). Further details are omitted.

Remark 6.2.2.1 As mentioned before, the algorithm presented in this subsection is sta-

ble. Hence, degenerated elements cannot occur and, in many cases, the aspect ratios of

the elements created by this method are relatively small. It is well known that small aspect

ratios result in a small condition number of the respective system of equations in general,

cf. [Shewchuk 2002]. Clearly, this improves the performance of the numerical solution
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scheme, if iterative solvers are used. However, it should be noted that the finite element

code developed is based on a sparse direct solver and consequently, decrease of performance

due to highly anisotropic meshes is not an issue.

Remark 6.2.2.2 According to [Rivara 1997], the Longest-Edge Propagation Path

(LEPP) ”. . . is the set of all the neighbor tetrahedra (by the longest edge) having re-

spective longest-edge greater than or equal to the longest edge of the preceding tetrahedra

in the path.” It is claimed that this path is finite. This property is essential, since oth-

erwise endless loops may be generated. However, this property can only be guaranteed,

if all edges in the triangulation have different lengths. For example, consider two edges

of a facet between two neighboring tetrahedra elements. Furthermore, assume the edges

have the same lengths and they are the longest edges of both elements. If for each of the

tetrahedra elements a different edge is marked as the longest one, the LEPP is infinite.

As a result, it produces indeed an endless loop. It should be noted that such a problem is

not of academic nature and occurs in applications. In the developed finite element code,

this problem is eliminated by choosing the longest-edge having the largest number. How-

ever, for more complex problems this simple strategy does not work. Fortunately, in all

computations such a case has not been found.

6.3 Variational refinement criteria

Within a variational framework, the standard displacement finite element method may

be regarded as constrained minimization, with solutions restricted to a finite-dimensional

subspace Vh ⊂ V . The constrained functional is

Ih(ϕ) =

{
I(ϕ), if ϕ ∈ V
+∞, otherwise

(6.4)

and the reduced problem reads

inf
ϕ∈V,

ϕ|∂Ω1
=ϕ̄

Ih(ϕ). (6.5)

The subspaces Vh are generated by introducing a triangulation Th of Ω and a standard

finite element interpolation of the form

ϕh(X) =

Nh∑
a=1

xaNa(X) (6.6)

where Nh is the number of nodes, Na denotes the nodal shape function of node a and xa

is the nodal position vector in the deformed configuration. Classically, one regards Vh as

a sequence of parameterized subspaces, e. g., by the mesh size h, and seeks a sequence ϕh

of approximate solutions such that Ih(ϕh)→ I(ϕ).
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Suppose instead that Vh represents a net of linear spaces parameterized by a directed

index set A. Recall that a directed set is a set A together with a binary relation ≤ having

the following properties: i) a ≤ a for all a ∈ A (reflexivity); if a ≤ b and b ≤ c, then

a ≤ c (transitivity); for any pair a, b ∈ A, there exists c ∈ A such that a ≤ c and b ≤ c

(directedness). In the present work, nets of subspaces generated by edge bisection are

considered. Thus, Vh1 ≤ Vh2 if the triangulation Th2 corresponding to Vh2 can be reached

from the triangulation Th1 corresponding to Vh1 by a sequence of edge bisections. In

addition, it is supposed that there is an element 0 ∈ A that precedes all other elements.

The corresponding triangulation T0 is the initial mesh, and V0 is the corresponding initial

solution space.

As noted earlier, the variational principle supplies an unambiguous comparison criterion

for judging the relative quality of two test functions: ϕh2
is better than ϕh1

if and only if

I(ϕh2
) < I(ϕh1

). Hence, the problem of variational mesh adaption can be formulated as

the minimum problem

inf
ϕ∈V,

ϕ|∂Ω1
=ϕ̄,

h∈A

Ih(ϕ) + µcNh, (6.7)

where Nh denotes the number of nodes in the triangulation Th, and µc > 0 is an energy

tolerance. Evidently, µc represents the energy cost of introducing an additional node

in the mesh and, therefore, may be regarded as a chemical potential. The role played

by the second term in (6.7) is to assign a cost µc to the introduction of an additional

node. This cost in turn sets an upper limit to the size of the mesh. Thus, if µc = 0

minimization of Ih results in run-away meshes, since the energy is always lowered by the

introduction of additional nodes. By way of contrast, suppose that µc > 0 and that the

initial triangulation T0 is coarse, so that the V0-minimizer is not a solution of (6.7). Then,

as convergence is approached the addition of nodes results in diminishing energy returns

and the second term in (6.7) is expected to dominate, with the result that the process of

mesh refinement is eventually held in check.

The problem (6.7) of finding absolute minimizers in the collection of spaces {Vh, h ∈ A} is

of combinatorial complexity and, therefore, intractable in general. Instead, an algorithm

will be developed which finds local minimizers, i. e., minimizers that are stable with

respect to a single edge bisection. In order to formalize this notion, let E(Th) denote the

collection of edges of Th. In addition, for all e ∈ E(Th) let σe : A→ A denote a mapping

such that Tσe(h) is the triangulation resulting from the bisection of e. Then, Th is defined

as bisection-stable if

µ(Th) = max
e∈E(Th)

(
inf Ih − inf Iσe(h)

)
≤ µc. (6.8)
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Thus, Th is bisection-stable, if the addition of one node lowers Ih at best by an amount

µ(Th) less than µc, and thus the addition is to be rejected. The basic h-refinement strategy

that emerges from these considerations may be summarized as follows:

i) Initialize h = 0.

ii) Find e ∈ E(Th) for which µ(Th) is attained.

ii) Is µ(Th) > µc

YES: Reset h← σe(h), GOTO ii)

NO: EXIT

Remark 6.3.0.3 Instead of bisecting single edges sequentially, alternative strategies may

be devised by ordering the supercritical edges according to the indicator inf Ih − inf Iσe(h)

and targeting for bisection a subset of those edges. For instance, with

ρ(Th) = min
e∈E(Th)

(
inf Ih − inf Iσe(h)

)
(6.9)

the refinement procedure

refine e ∈ E(Th) if inf Ih − inf Iσe(h) > α (µ(Th)− ρ(Th)) + ρ(Th) (6.10)

will be applied in Section 6.9. Clearly, the domain of the parameter α is [0, 1]. In standard

adaptive codes, it is usually set to 0.5, cf. [Verfürth 1996]. For α = 0 all edges are

refined, while setting α = 1.0 is identical to the method described in the present section.

Remark 6.3.0.4 If the aspect ratio of the elements needs to be maintained, edges can be

bisected by means of Rivara’s algorithm as discussed in Subsection 6.2.2, which guaran-

tees a lower bound on the element aspect ratio. More specifically, for the edge e ∈ E(Th)

characterized by µ(Th) > µc, all neighboring elements, i. e., T ∈ ωE, are refined by ap-

plying the method presented in Subsection 6.2.2. However, it should be noted that in a

strict variational framework aspect ratio is a poor measure of mesh quality. Indeed, as will

become evident from the subsequent examples energy minimization often leads to strongly

anisotropic meshes.

Remark 6.3.0.5 Higher-order elements, such as 10-node quadratic tetrahedra are com-

monly implemented by recourse to Gaussian quadrature. This introduces bounded errors

that do not affect convergence in general. However, it should be noted that some of the

strict ordering of energies implied by the variational structure of the problems may be lost

due to numerical quadrature errors.
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6.4 Bisection criteria derived from

local energy bounds

Evidently, a drawback of the strategy just outlined is that the energy µ(Th) released by

bisection is costly to compute exactly. An alternative strategy consists of working with

a lower bound of µ(Th). A convenient such lower bound can be obtained by constraining

the relaxation of the displacement field upon bisection of an edge e to a certain sub-mesh

Sh(e) of Th, or element patch, containing e. For instance, Sh(e) can be set to the ring of

elements incident to e, i. e., the star St(e) = ωe. Evidently,

µloc(Th) = max
e∈E(Th)


Ih(ϕh)− inf

ϕ∈V,

ϕ|∂Ω1
=ϕ̄,

supp(ϕ−ϕh)⊂Sh(e)

Iσe(h)(ϕ)


< µ(Th) (6.11)

supplies the requisite lower bound. In this expression, ϕh is minimizer of Ih and supp

denotes the support of a function. Thus, µloc(Th) is computed by constraining the relaxed

displacements ϕ on the bisected mesh Tσe(h) to differ from the minimizer ϕh on the un-

bisected mesh Th only within the neighborhood Sh(e) of the bisected edge e. Conveniently,

this computation is local and its cost is constant, independent of the size of the mesh.

The resulting h-adaption strategy is:

i) Initialize h = 0.

ii) Find e ∈ E(Th) for which µloc(Th) is attained.

ii) Is µloc(Th) > µc

YES: Reset h← σe(h), GOTO ii)

NO: EXIT

Remark 6.4.0.6 Because of the lower bound property µloc(Th) < µloc, the adaption strat-

egy based on the local estimate µloc(Th) may be expected to accept meshes that would

otherwise be bisection-unstable according to the global energy criterion.

Remark 6.4.0.7 When dealing with constant-strain elements, the case of boundary edges

connected to one single element, henceforth referred to as sharp edges, may require special

handling. For sharp edges, the local patch Sh(e) consists of one single constant-strain

element in the special case in which the local patch is taken to coincide with the star of the

edge, Sh(e) = St(e). Under these conditions, bisection of a sharp edge leaves the energy

invariant, with the result that sharp edges are never targeted for bisection. In order to

avoid this artifact the local patches of sharp edges needs to be extended beyond their stars.
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Remark 6.4.0.8 The problem of sharp edges alluded to in Remark 6.4.0.7 does not arise

when higher-order elements, such as 10-node quadratic tetrahedra, are in use.

6.5 Comparison of the proposed refinement criteria

to classical error estimates

Locally constrained problems such as advocated in the previous sections have also been

proposed as a basis for deriving a posteriori error bounds in linear problems [Verfürth

1996; Ainsworth & Oden 2000]. The analogies between those concepts and the

variational h-adaption as suggested in the present work are highlighted in this section.

For linear systems the potential energy has the representation

I(u) =
1

2
a(u,u)− l(u) (6.12)

where a(u,u) is a quadratic form and l(u) a bounded linear functional. As mentioned

before, edge bisection generates a directed index set. Consequently, the space of interpo-

lations associated with the refined mesh T new
h can be written as a direct sum, i. e.,

unew ∈ Vold ⊕ V and unew = u + v, u ∈ Vold, v ∈ V , (6.13)

with Vold denoting the interpolation space corresponding to the non-refined triangulation

T old
h . Using Eqs. (6.13), together with Eq. (6.12), the lower bound of the energy released

by bisection of edge e reads

Ih(u)− inf
v∈V,

(u+v)|∂Ω1
=ū

Iσe(h)(u + v) = sup

v∈V,

(u+v)|∂Ω1
=ū

[
−a(u,v)− 1

2
a(v,v) + l(v)

]
. (6.14)

Clearly, the stationarity condition associated with the optimization problem (6.14) is

a(u + v,w) = l(w) ∀w ∈ V . (6.15)

Substituting the admissible choice w = v into Eq. (6.15) and the resulting equation into

Eq. (6.14), finally gives

Ih(u)− inf
v∈V,

(u+v)|∂Ω1
=ū

Iσe(h)(u + v) =
1

2
a(v,v), (6.16)

with v computed from the weak form (6.15).

The by now classical error estimate η proposed in [Babuška & Rheinboldt 1978;

Bernadi, Métivet & Verfürth 1993] can be recast into the variational form

η = ||∇v||0,2 with v = arg inf
ṽ∈V

IE(ṽ), IE(v) =
1

2
a(u + v,u + v)− l(v). (6.17)
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For further details, cf. [Verfürth 1996]. Evidently, the stationarity condition of IE is

given by Eq. (6.15). Since for linearized elasticity theory the energy norm is equivalent

to the L2 norm ||∇v||0,2, the equivalent indicator

η =
1

2
a(v,v)1/2 (6.18)

can be considered without loss of generality. By comparing Eq. (6.18) to Eq. (6.16) the

analogy between the variational h-adaption presented in this work and classical error

estimates becomes apparent. In this respect, the variational method can be understood

as the canonical extension of the classical method.

It should be carefully noted that the functional framework just outlined does not carry

over to general nonlinear problems. For instance, in problems such as finite elasticity it

is natural to resort to weak topologies, with the result that the solution space is not a

normed space. Furthermore, if geometrical constraints such as local invertibility of the

deformations are appended the solution space is not even a linear space. Finally, the

minimizers are a fortiriori non-unique by virtue of geometrical instabilities such as buck-

ling or material instabilities such as twinning. Under these conditions the notion of error,

defined as the norm distance between approximate solutions and a unique minimizer, fails

to apply.

Remark 6.5.0.9 Error estimates for linear elliptical problems according to Eq. (6.17)

require the introduction of an enriched space V 3 v. In the present work, V = Vnew/Vold

is defined as the space spanned by the global interpolation functions associated with the

nodes newly inserted by edge-bisection. In classical error estimates for linear elliptical

problems, V is usually spanned by bubble functions, cf. [Verfürth 1996].

6.6 h-adaption combined with VALE formulations

In principle, variational r-adaption according to Chapter 4 and h-adaptive finite element

formulations as discussed in the present chapter can be combined sequentially to obtain

a variational hr-adaption strategy. A limited application of variational r-adaption in

the context of variational h-adaption is for purposes of optimizing the location of the

nodes inserted by bisection. Conveniently, when local energy estimates are used the r-

optimization can also be performed locally in combination with the solution of problem

(6.11).
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6.7 Energy-based mesh coarsening

Analogously, to Section 6.4, a local bound of the energy released by edge-bisection is used

in order to drive mesh coarsening. More specifically, µloc(Th) according to Eq (6.14) and

ρloc(Th) = min
e∈E(Th)

∆Ih(e), (6.19)

with

∆Ih(e) = Ih(ϕh)− inf
ϕ∈V,

ϕ|∂Ω1
=ϕ̄,

supp(ϕ−ϕh)⊂Sh(e)

Iσe(h)(ϕ) (6.20)

are computed first. Then, the following combined refinement/de-refinement algorithm

can be developed:

i) For all e ∈ E(Th) DO:

a) IF ∆Ih(e) > αref (µloc(Th)− ρloc(Th)) + ρloc(Th), mark e for refinement.

b) IF ∆Ih(e) < αcoarse (µloc(Th)− ρloc(Th)) + ρloc(Th), mark e for coarsening.

ii) Apply coarsening.

iii) Compress arrays and update the data structure.

iiii) Apply refinement.

Here, αref ∈ [0, 1] and αcoarse ∈ [0, αref) are numerical parameters controlling mesh refine-

ment and coarsening, respectively. According to this procedure, a previously refined edge

is coarsened if de-refinement of this edge results in only a relatively small energy increase.

Step iii) is necessary, since coarsening leads to ”holes” in the arrays storing the edges, the

nodes and the elements.

Except for step ii), the given pseudo-code is well-defined. The local coarsening strategy

presented in this subsection is different compared to the procedures developed in [Rivara

1991; Bänsch 1991b; Bänsch 1991a]. It can be understood as the inverse of the

refinement method discussed in Subsection 6.2.1 and 6.2.2. This implies two consequences.

First, only previously refined edges are allowed to be coarsened and second, the order of

de-refinement is important. This is highlighted in Fig. 6.2. To guarantee the correct

order of coarsening additional information is required. For that purpose, the simple data

structure as given in Appendix C has been coded. For a compact notation, the following

definitions are introduced:

Definition 1 Mesh refinement by bisecting an edge p generates the children c1 ⊂ p and

c2 ⊂ p and some additional edges a1 . . . , ai 6⊂ p. The set {c1, c2, a1, . . . , ai} is referred to

as the set of edges generated by bisection of p and edge p as the parent of c1 and c2.
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Figure 6.2: Mesh refinement in two dimensions by applying edge-bisection (σ5 and σ2

according to Section 6.3). Coarsening of edge 7 of the final mesh requires

elimination of edge 10 first, i. e., de-refinement of edge 2 and 9.

Definition 2 For an element T generated by bisection of p, the so-called child edge is

the child c1 or c2 which belongs to E(T ) (see Eq. (6.2)).

Based on those definitions, together with the data structure contained in Appendix C,

the following unrefinement algorithm is proposed:

For each edge e marked for coarsening DO:

i) Has e been generated by bisection of an edge p?

YES: Get the children c1 and c2 of p.

NO: Next edge, GOTO i)

ii) Have c1 and c2 not been bisected once again? AND

Is for every T ∈ ωc1 ∪ ωc2 (see Eq. (6.3)) c1 or c2 the child edge of T? AND

Is every edge belonging to the set of edges generated

by bisection of p not marked for refinement?

YES: Coarsen all elements in ωc1 ∪ ωc2 by unrefining c1 and c2.

NO: Next edge, GOTO i)

For example, suppose edge e = 10 in Fig. 6.2 is to be coarsened. Edge e = 10 has been

generated by bisection of the old edge p = 2 which has the children edge c1 = 2 (new)

and c2 = 9. Consequently, the neighboring elements ωc1 ∪ ωc2 of edges 2 and 9 are given

by elements (2, 6, 10) and (7, 9, 10), respectively. As a result, de-refinement of edge 10

removes those elements and creates the new element (2(old), 6, 7).

Remark 6.7.0.10 Clearly, since Rivara’s algorithm is also based on edge-bisection, the

proposed coarsening strategy can be applied to this method as well. However, in Rivara’s

implementation, elements are marked for de- or refinement. In the case of refinement,
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the modifications have already been mentioned in Remark 6.3.0.4. For coarsening, all

neighboring edges E(T ) of an element T are marked for de-refinement, if they were not

marked for refinement before.

6.8 Transfer of history variables

If h-refinement is applied to mechanical problems requiring the use of history variables

such as plasticity theory, these variables have to be mapped between different meshes.

As already mentioned in Section 4.8, the transfer operator of the history variables follows

consistently from the variational principle, cf. [Ortiz & Quigley 1991; Radovitzky

& Ortiz 1999]. In the present work, those variables are assumed to be piecewise constant

over the Voronoi cell containing the Gauss point g of the element e. In this case, the

variational transfer operator maps the state variable of the nearest old quadrature point

to the new quadrature point. This procedure shows several advantages, cf. Section 4.8.

Suppose that the quadrature points i = 1, · · · , n corresponding to the refined mesh T (fine)
h

have the same nearest old quadrature point associated with the parent mesh T (coarse)
h .

Then, for mesh refinement, the just described transfer operator reads

α
(fine)
i = α(coarse) ,∀1 ≤ i ≤ n, (6.21)

or alternatively in matrix notation

α(fine) = [1, · · · , 1]︸ ︷︷ ︸
= A ∈ Rn

α(coarse). (6.22)

Clearly, tensor-valued variables are mapped by applying Eq. (6.22) to each component.

If h-refinement is coupled to a coarsening strategy such as that discussed in the previous

section, the inverse relation of Eq. (6.22) is required additionally. More specifically, a

vector B ∈ Rn has to be derived such that

α(coarse) = B ·α(fine). (6.23)

Evidently, since Eq. (6.23) is a pseudoinverse of Eq. (6.22), the composition of B and A

has to represent the identity on R, i. e.,

B ·A = 1. (6.24)

Since the components of B are weighting coefficients, it is natural to postulate Bi > 0.

However, these restrictions are not sufficient to compute the vector B uniquely. In this

work, this problem is solved by choosing a physically motivated pseudoinverse. More

precisely, this inverse is based on dissipation considerations.
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In what follows, Ω denotes the domain of the Voronoi cell containing the quadrature

point of the coarse mesh. Then,

Dtot =

∫
Ω

T∫
t=0

D dt dV (6.25)

represents the total energy dissipated in Ω. Since the adaptive h-refinement strategy

presented in this chapter is purely energy-driven, it is canonical the enforce the postulate

Dtot(T (coarse)
h ) =: D(coarse)

tot = D(fine)
tot =: Dtot(T (fine)

h ). (6.26)

This condition ensures that the dissipated energy is not affected by the mesh transfer

operator. Based on Eq. (6.26) the vector B can be computed.

In many cases, postulate (6.26) can be simplified significantly. For instance, if standard

dissipative solids based on a positively homogeneous yield function of degree one are

considered, the dissipation reads D = λ Σeq
ini, cf. Remark 2.4.1.6. If additionally the

internal variable α governing isotropic hardening/softening obeys the evolution equation

α̇ = λ with α(t = 0) = 0 (which is fulfilled for many material models), Eq. (6.25) simplifies

to

D(coarse)
tot = Σeq

ini α
(coarse)|t=T V, (6.27)

since the state variables are constant over Ω (in the case of the coarse mesh). Here, V

is the volume of the domain Ω. Analogously, the dissipated energy obtained from the

refined discretization is given by

D(fine)
tot = Σeq

ini

n∑
i=1

α(i)|t=T V
(i). (6.28)

Thus, enforcing condition (6.26) leads to the mesh transfer operator

α(coarse)|t=T =
n∑

i=1

V (i)

V
α

(fine)
i |t=T . (6.29)

It can be verified easily that Bi = V (i)/V > 0 and A ·B = 1. As a consequence, B indeed

represents a pseudoinverse of A.

6.9 Numerical examples

The performance of the novel h-adaption presented in this chapter is demonstrated by

means of several examples: a notched specimen in uniaxial tension; the indentation of a

hyperelastic block; and the indentation of an elastic-plastic block. One clear performance

measure of primary importance is the rate of convergence. Specifically, the influence of
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variational h-adaption and combined hr-adaption on the convergence rate is analyzed.

An additional central question concerns the characterization of the mesh geometries that

are energetically optimal. A common rule-of-thumb is to assume that the quality of an

element is commensurate with its aspect ratio, defined as the ratio between the outer and

inner radii of the element. However, the aspect ratio enters error estimates as a direct con-

sequence of the use of matrix-norm bounds that are isotropic in nature and, consequently,

not tight in general. In particular, those estimates are insensitive to the directionality of

the gradients in the error function. Aspect ratio bounds can be maintained throughout

the mesh refinement process, e. g., by recourse to Rivara’s Longest-Edge Propagation

Path (LEPP) bisection algorithm [Rivara 1991; Bänsch 1991b; Rivara & Levin

1992; Rivara 1997]. Therefore, it is ascertained whether appending constraints on the

aspect ratio of the elements speeds up or slows down convergence.

6.9.1 Uniaxial tensile test of a notched specimen

The first example is the numerical analysis of a uniaxial tensile test of a notched speci-

men. This mechanical problem has already been computed by using the VALE formula-

tion according to Chapter 4. The complete description of the system is given in Fig. 4.6.

Analogous to Subsection 4.6.2, a hyperelastic material model defined by the energy func-

tional (2.29) is considered. The Lamé constants are assumed to be λ = 12115.38 N/m2

and µ = 8071.92N/m2.

The response of the specimen is baselined by means of a coarse discretization consisting

of 10-node quadratic tetrahedral elements. The corresponding finite element mesh, defor-

mation and the stored energy distribution are shown in Fig. 6.3. As expected, the energy

density attains its maximum in the vicinity of the crack tip; and is nearly uniform in the

thickness direction of the slab.

Based on the initial mesh, four different adaptive computations are performed: an un-

constrained variational h-adaption calculation according to the algorithm on page 143

with αref set to 0.5, 0.7 and 1.0 and a constrained variational h-adaption calculation,

in which a lower bound on the aspect ratio of the elements is maintained by means of

Rivara’s Longest-Edge Propagation Path (LEPP) bisection algorithm [Rivara 1991;

Bänsch 1991b; Rivara & Levin 1992; Rivara 1997]. For the computation based

on Rivara’s method, αref is set to 1.0. Coarsening is not considered throughout this

subsection.

Fig. 6.4 shows the results of the four adaptive calculations. The final meshes obtained

by constrained and unconstrained variational h-adaption stand in sharp contrast to one

another, Fig. 6.4. Thus, unconstrained variational h-adaption clearly allocates resources in

such a way as to exploit the directionality of the gradients in the variation of the solution,

Fig. 6.4a) - c). In particular, it results in highly anisotropic mesh refinement: a high

degree of mesh refinement in the directions normal to the crack tip; and simultaneously a
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a) b)

Figure 6.3: Geometry of the hyperelastic three-dimensional notched specimen under-

going large deformations in uniaxial tension. a) initial discretization; the

octant of the specimen considered in the calculations is highlighted; b) de-

formed body and stored-energy distribution, showing concentration at the

crack tips and nearly uniform variation across the specimen

nearly uniform mesh size in the direction of the crack tip from, i. e., across the thickness

of the specimen. It bears emphasis that this anisotropic refinement occurs spontaneously

as an energetic optimum, and is not the result of empirical criteria built into the adaption

strategy. By way of contrast, the constrained variational h-adaption calculation results

in isotropic mesh refinement, with equi-axed elements distributed through the thickness

of the specimen, Fig. 6.4d).

The influence of αref on the discretizations can be seen by comparing the meshes in

Fig. 6.4a) - c). The greater αref , the more localized is the refined region. However, it will

be shown that all adaptive schemes based on the purely energy-driven algorithm lead to

almost identical results.

The convergence rates in energy of the constrained and unconstrained variational h-

adaption calculations are compared in Fig. 6.5 with the convergence rate resulting from

uniform refinement. It is noteworthy that in the linear range, the energy error plotted in

the ordinate reduces to: a(uh, uh)− a(u, u) = a(uh − u, uh − u) = ||uh − u||2E, and hence

may be thought of as generalizing the conventional energy-norm error to the nonlinear

range. Clearly, the performance of unconstrained variational h-adaption is superior to

that of constrained variational h-adaption. In particular, anisotropic mesh refinement

results in higher convergence rates than isotropic mesh refinement. Thus, far from being

detrimental, highly-elongated elements oriented according to the gradients in the solution

are beneficial to performance. Conversely, constraints designed to eliminate elongated el-

ements, while resulting in meshes that are more ”pleasing to the eye”, have a detrimental

effect on the rate of convergence.
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a) b)

c) d)

Figure 6.4: Hyperelastic three-dimensional notched specimen undergoing large deforma-

tions in uniaxial tension. Final mesh geometries resulting from: a) uncon-

strained variational h-adaption αref = 0.5; b) αref = 0.75; c) αref = 1.0; d)

constrained variational h-adaption using Rivara’s LEPP algorithm

According to Fig. 6.5, the influence of αref on the performance seems to be negligible.

Unfortunately, a closed form solution for the best αref does not exist (not even in linearized

elasticity) and furthermore, it would depend on the physical problem under investigation.

For the particular example analyzed in this subsection, αref = 0.5 is preferred, since it leads

to almost the same results as αref = 0.75 and αref = 1.0 by requiring only 15 refinement

steps instead of 29 and 105, respectively. The choice αref = 0.5 is well accepted in adaptive

finite element formulations, cf. [Verfürth 1996].
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Figure 6.5: Hyperelastic three-dimensional notched specimen undergoing large deforma-

tions in uniaxial tension. Convergence rates resulting from unconstrained

and constrained variational h-adaption. The convergence rate corresponding

to uniform refinement is also shown for comparison.
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0.2

Figure 6.6: Indentation of a hyperelastic block by a circular rigid punch. Initial dis-

cretization: dimensions (in m), loading conditions and initial discretization

6.9.2 Indentation of a block: fixed force

Next, indentation of a block is analyzed numerically by using the presented h-adaption.

The dimensions, loading conditions together with the initial discretization are depicted

in Fig. 6.6. Loading is controlled by prescribing the vertical displacements within the

grey colored circle (see Fig. 6.6). Symmetry of the geometry and the boundary conditions

have been taken into account. As a consequence, only one quarter of the system has been
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a) b)

Figure 6.7: Indentation of a hyperelastic block by a circular rigid punch, initial mesh:

a) deformed configuration; b) stored-energy distribution

discretized.

6.9.2.1 Hyperelastic material model

At first, the material response is assumed to be governed by the hyperelastic poten-

tial (2.29). The Lamé constants are identical to those in Subsection 6.9.1.

The response predicted by the initial finite element mesh, consisting of 10-node quadratic

tetrahedral elements, is shown in Fig. 6.7. It corresponds to an amplitude of the displace-

ment of u = 0.1 m. As expected, the strain-energy attains its maximum under the punch

and exhibits power-law decay away from it, Fig. 6.7b). However, the region immediately

under the punch is highly confined and is in a state of high triaxiality and comparatively

lower energy. Owing to the concentration and fine structure of the strain-energy, the

problem lends itself ideally to mesh adaption.

Fig. 6.8 displays the final meshes obtained by means of three adaption strategies: uncon-

strained variational h-adaption; unconstrained variational hr-adaption; and constrained

variational h-adaption using Rivara’s LEPP algorithm to maintain a lower bound on the

aspect ratio of the elements. As remarked earlier, the variational hr-adaption procedure

employed in the calculations consists of alternating edge bisection and the variational

r-adaption scheme described in [Mosler & Ortiz 2005]. In all cases, only the ener-

getically most favorable edge is bisected at each step (αref = 1.0). As in the case of the

notched specimen described in the foregoing, the strain-energy distribution under punch

exhibits not only concentration but also marked directionality. Thus, whereas the strain-

energy displays rapid variation in the radial direction, it varies slowly in the orthogonal
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a) b) c)

Figure 6.8: Indentation of a hyperelastic block by a circular rigid punch. Final meshes

after: a) unconstrained variational h-adaption; b) constrained variational

h-adaption using Rivara’s LEPP algorithm; c) unconstrained variational

hr-adaption

directions, and, in particular, it is constant in the circumferential direction. As expected,

the LEPP-constrained scheme results in an isotropic mesh that is insensitive to the di-

rectionality of the solution. In consequence, at any given depth of indentation it inserts

a larger number of nodes than the remaining algorithms. In contrast, unconstrained h-

and hr-adaption result in highly anisotropic and directional meshes that trace the fine

structure of the energy-density field.

Fig. 6.9 compares the energy convergence behavior of the three methods. As may be seen

from this comparison, hr-adaptivity results in appreciable but modest gains in the rate

of convergence relative to h-adaptivity. In addition, both h- and hr-adaptivity handily

out-perform constrained h-adaptivity. For instance, a 676-node unconstrained h-adaption

solution has lower energy than a 1490-node constrained computation. If, in addition,

r-adaption is allowed for, the size of the mesh can be further reduced to 491 nodes at

no increase in energy. These performance differentials, similar to those observed in the

notched specimen example, provide compelling demonstration of the fact that element

aspect ratio does not correlate well with performance in problems exhibiting strong di-

rectionality in the energy-density field.

6.9.2.2 Elastoplastic material model

Next, the applicability of the variational approach to inelastic materials is demonstrated.

The problem is identical in every way to that treated in the preceding paragraph with

the sole exception that the material is now assumed to obey multiplicative J2-flow theory

of plasticity. As discussed in Section 2.5, a time discretization using variational consti-

tutive updates [Ortiz & Stainier 1999; Radovitzky & Ortiz 1999] confers the
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Figure 6.9: Indentation of a hyperelastic block by a circular rigid punch. Convergence

in energy resulting from: unconstrained variational h-adaption; constrained

variational h-adaption using Rivara’s LEPP algorithm; unconstrained vari-

ational hr-adaption; and uniform mesh refinement

incremental problem a variational structure identical to that of a hyperelastic problem.

In particular, the deformation mapping at time tn+1 minimizes an incremental potential

energy defined in terms of an effective strain-energy density that encodes both the elastic

and the inelastic behavior of the material. In this setting, variational h-adaptivity consists

of optimizing the mesh at every time step with respect to the incremental potential energy.

In particular, for any given time step the variational h-adaptivity solution procedure is

identical to that pertaining to an elastic problem.

The maximum depth of indentation considered in the calculations is 0.02 m. All meshes

consist of 10-node quadratic tetrahedral elements. For definiteness, the implementation is

based on the variational constitutive update as discussed in Chapter 2.5. More specifically,

the von Mises model described in Subsection 2.5.3 is adopted. The elastic dilatant

material response is specified by Eq. (2.96), i. e., a Hencky model is applied. The part

of the energy due to plastic work is chosen according to

Ψp(εp) =
nσ0ε

p
0

n+ 1

[
1 +

(
εp

εp
0

)](n+1)/n

. (6.30)

In addition, the yield function (2.88) is modified such that

φ(Σ, Q) = ||dev[Σ]||2 −Q(εp), (6.31)

with Q := ∂Ψp/∂εp. The material parameters used in the calculations are summarized in

Table 6.1.

The state variables are assumed to be piecewise constant over the Voronoi cells defined

by the quadrature points. More specifically, the transfer of the history variables follows

the algorithm discussed in Section 6.8.
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E (kN/m2) ν σ0 (kN/m2) εp
0 n

200 0.2 1.0 0.5 · 10−3 10

Table 6.1: Indentation of an elastoplastic block: material parameters

a) b) c)

Figure 6.10: Indentation of an elastic-plastic block. Distribution of effective plastic

strain εp: a) two uniform refinement steps; b) unconstrained h-adaption;

c) constrained h-adaption using Rivara’s LEPP algorithm

As in the previous examples, two different adaptive computations are performed: uncon-

strained variational h-adaption; and constrained variational h-adaption using Rivara’s

LEPP algorithm to maintain a lower bound on the aspect ratio of the elements. In addi-

tion, two uniform refinement steps are evaluated by way of baseline. The distribution of

the effective plastic strain εp is given in Fig. 6.10. Fig. 6.10a) shows a mesh generated by

applying two uniform refinement steps to the initial discretization of Fig. 6.6. The meshes

in Figs. 6.10b) and c) are the result of the unconstrained and constrained variational h-

adaption schemes, respectively. As in the preceding examples, the contrast between the

unconstrained and constrained adaption schemes is clearly evident in Figs. 6.10b) and c).

Thus, the unconstrained variational h-adaption strategy results in a highly anisotropic

and localized mesh that is in sharp contrast to the isotropic and diffuse mesh produced

by the constrained strategy. In particular, the unconstrained mesh traces a slip cone that

separates the triaxial plug under the indentor from the matrix. The elements tiling the

slip cone are flat and elongated, with the result that the entire slip-cone mechanism is

represented with a modicum of degrees of freedom. The corresponding plastic strain field

is highly localized to the slip cone, and elastic unloading occurs elsewhere. By way of

contrast, the constrained plastic strain field is diffuse and does not show signs of localiza-

tion. This excessive numerical diffusion effectively eliminates all traces of the slip cone

and results in an artificially smooth plastic strain distribution.

The various load-displacement diagrams are collected in Fig. 6.11 for ease of comparison.
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Figure 6.11: Indentation of an elastic-plastic block. Load-displacement diagrams ob-

tained from: initial mesh (uniform 0); two uniform refinement steps (uni-

form 1 and 2); and variational h-adaption

As expected, the coarse discretizations overestimate the indentation load and stiffness.

Uniform refinement progressively relaxes the predicted response, but an overly stiff re-

sponse remains even at the finest level of refinement. In contrast, the adaptive solutions

predict a clear failure load, with the most compliant response corresponding to the un-

constrained solution. However, a certain lag is observed initially in the adaptive solutions

which results from the gradual way in which refinement is introduced. Control over this

lag can be exerted through the choice of energy tolerance µc.

Remark 6.9.2.1 It should be noted that the curve corresponding to the h-adaptive com-

putations illustrated in Fig. 6.11 are based on different discretizations and hence, cannot

be interpreted as standard load-displacement diagrams. However, the two different energy-

based mesh adaptions can be roughly compared to one another. By choosing αref = 0.75

in the case of the unconstrained algorithm and αref = 1.0 for the coupling with Rivara’s

LEPP, the predicted number of nodes within each load step is similar for both methods.

6.9.3 Indentation of a block: moving force

The performance of the energy-based h-refinement combined with the variational coars-

ening strategy according to Section 6.7 is demonstrated by means of a numerical analysis

of an indentation of a block. The dimensions of the cube are: 1.0 × 1.0 × 1.0 [m]. For

the material response, the hyperelastic model according to Subsection 6.9.2.1 is adopted.

Except on the top of the cube, the normal component of displacement field is set to zero

on the boundaries. As displayed in Fig. 6.12a) a vertical displacement of magnitude 0.1 m

is prescribed on the left corner of the front of the structure first. Then, the combined

refinement / coarsening formulation according to Section 6.7 is applied resulting in the
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a) b) c)

Figure 6.12: Indentation of an elastic block. Final meshes after constrained variational

h-adaption coupled to variational coarsening

new triangulation presented in Fig. 6.12b). Subsequently, the load is moved to the right

corner of the structure and the mesh adaption is performed once again, see Fig. 6.12c).

Refinement and coarsening is controlled by setting αref = 0.02 and αcoarse = 0.01. How-

ever, different values of αref and αcoarse lead to almost identical results. The aspect ratio

of the elements is maintained by means of Rivara’s Longest-Edge Propagation Path

(LEPP) bisection algorithm.

It is evident from the figures that the combined algorithm leads to a mesh-refinement of

regions showing large energy densities and to coarsening where the energy is relatively low.

As a consequence, and fully analogous to the VALE formulated presented in Chapter 4, the

adaptive finite element formulation can be applied to problems characterized by moving

singularities. Clearly, in particular for the numerical analysis of crack propagation, this is

of utmost importance. In Chapter 7.2, some first ideas concerning the coupling of cohesive

elements with variational-based mesh adaptions will be sketched.



Chapter 7

Conclusion and outlook

7.1 Conclusion

Variational constitutive updates In the first part of the present work, a state of the

art review on constitutive updates has been given. Special emphasis has been on a class of

updates characterized by a variational structure. More precisely, within this framework,

the deformation mapping as well as the history variables follow jointly from minimizing an

incremental potential. This minimization principle represents the essential ingredient for

all variational adaptive schemes discussed in this work. Since slightly different variational

constitutive updates can be found in the literature, attention has been turned to a coherent

representation.

Strong discontinuity approaches A novel class of finite element formulations al-

lowing for the numerical analysis of localized material failure at finite strains has been

proposed in Chapter 3. The model is characterized by a discontinuous approximation of

the displacement field, and it is based on the Enhanced Assumed Strain (EAS) concept.

More specifically, it falls into the range of the Strong Discontinuity Approach (SDA). Since

the approximation of the deformation is essential for the model, a detailed analysis of the

kinematics has been given. In contrast to other approaches dealing with displacement dis-

continuities such as the eXtended Finite Element Method (X-FEM) or classical interface

laws, the SDA shows a coupling of the strains across the surface defined by the displace-

ment jumps. A comparison between different SDAs has demonstrated that, except for

the notation, the kinematics of all models are equivalent in the case of standard constant

strain triangle elements. For the development of the interface laws connecting the dis-

placement discontinuity with the traction vector, a new method has been proposed. It is

based on the fact that the condition of traction equilibrium can be re-written such that

it is formally identical to the necessary condition of yielding known from classical plastic-

ity theories (continuous deformation mapping). This concept highlights the similarities

157
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between standard constitutive models and those based on cohesive traction-separation

laws. This similarity suggests an implementation of the SDA being analogous to nowa-

days classical computational plasticity. Consequently, a predictor-corrector algorithm has

been adopted. More precisely, a return-mapping-type method has been developed, i. e.,

in contrast to SDAs published previously which are based on the static condensation, the

novel implementation is formally identical to that of standard computational plasticity

theory. As a result, existing subroutines can be used with only minor modifications nec-

essary. Referring to the class of interface laws or the type of finite elements, no special

assumption has been made. Consequently, the suggested numerical framework can be

applied to a broad range of different traction-separation laws. Furthermore, it allows for

higher order displacement approximations.

Since the computation of the topology of the singular surface characterized by displace-

ment discontinuities is not unique, different methods for choosing the physically most

relevant topology have finally been compared to each other. It has been shown that for

a quite general class of constitutive models, the postulate of maximum dissipation, the

postulate of maximum inelastic deformations and an approach based on maximizing the

compatibility between the smooth and the discontinuous part of the deformation mapping

are equivalent.

Variational Arbitrary Lagrangian-Eulerian (VALE) formulations Since the re-

sults predicted by cohesive finite element formulations such as the SDA depend signifi-

cantly on the quality of the numerical approximation of the continuous deformation, a

family of adaptive strategies has been discussed in Chapter 4. Based on the variational

constitutive updates presented in Chapter 2, a Variational Arbitrary Lagrangian-Eulerian

(VALE) formulation has been advocated. In contrast to classical finite element models,

the proposed method seeks to minimize the energy function governing the underlying

physical problem with respect to both the finite element mesh over the deformed as well

as the undeformed configuration of the body. Unfortunately, the solution of the result-

ing optimization problems is not without difficulty. More specifically, it has been shown

that the problem is nonconvex and highly singular (i. e., the respective Hessian). For

that reason, an algorithm based on a viscous-type relaxation combined with effective line

search strategies has been elaborated. This method eliminates the aforementioned dif-

ficulties without changing the solution of the unrelaxed problem. Within the numerical

optimization, constraints have been enforced that surface nodes remain in the surface and

move within their corresponding surface component, namely within their faces or edges;

and that vertices in the boundary representation of the domain remain fixed. This re-

striction can be relaxed by allowing nodes to migrate in and out of the boundary. For

that purpose, a fully variational algorithm having O(N) complexity has been developed.

The energy release corresponding to node migration is estimated by means of a local opti-

mization problem depending on only six degrees of freedom. The resulting finite element
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method can be applied to any physical model characterized by an extremum principle.

Details necessary for standard dissipative solids such as the transfer of the history vari-

ables have been discussed. Finally, it has been shown that the discretizations generated

by the energy-driven adaptive scheme outperform triangulations in which elements with

large aspect ratios are avoided a priori.

Variational-based remeshing strategies Within the VALE formulation according

to Chapter 4 the mesh connectivity has been kept constant. However, this may lead to

strong topological constraints that severely limit the meshes that can be attained by r-

adaptivity. Therefore, a novel variational-based remeshing strategy has been advocated

in Chapter 5. Based on local mesh transformations, the connectivity of an initial triangu-

lation is modified such that the solution associated with the new discretization is closer to

the analytical extremum. Hence, improvement of the solution is guaranteed. Numerical

analyses have demonstrated the performance of the energy-driven remeshing method and

the combined VALE-remeshing algorithm. The examples have shown that the proposed

approach leads to meshes that outperform those resulting from purely geometrical element

measures.

Variational h-adaptive finite element formulation The variational adaptive finite

element formulations presented in Chapters 4 – 5 improve significantly the numerical

solution. However, sometimes a further improvement is desirable. For that reason, a

variational h-adaption has been developed in Chapter 6. Analogous to the VALE formu-

lation and the energy-driven remeshing strategy, the proposed h-adaptive method can be

applied to any mechanical problem characterized by a minimization principle, provided

the deformation field is sufficiently smooth, i. e., continuous. Mesh refinement realized

by using edge-bisection algorithms is applied when the released energy or incremental

pseudo-energy exceeds a certain threshold value. In order to avoid global recomputes, the

energy release by mesh refinement is estimated by a lower bound obtained by relaxing

a local patch of elements. This bound can be computed locally, which reduces the com-

plexity of the refinement algorithm to O(N). By comparing the proposed error indicator

to classical error estimates it has been shown that both concepts are almost identical for

linearized elasticity theory. In this respect, the novel variational method can be under-

stood as a canonical extension of classical concepts. The resulting algorithm allows for

energy-driven mesh refinement as well as coarsening. For standard dissipative solids, a

consistent transfer operator necessary for mapping the history variables between different

meshes has been developed. It is noteworthy that the variational strategies presented in

Chapters 4 – 6 can be easily combined. As a prototype, a variational hr-adaptive method

has been implemented. The performance of the energy-driven h-refinement has been illus-

trated by several numerical examples. It is remarkable that anisotropic mesh refinement

arises spontaneously, without recourse to empirical rules, as a result of variational h-
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adaption. The resulting elements, while optimal in an energy sense, are highly elongated

or flattened, and supply varying degrees of spatial resolution in different directions. The

ability to resolve sharp gradients in one direction without excessive mesh refinement in the

remaining directions is of critical importance for dealing efficiently with features such as

slip surfaces and shear bands. Indeed, in these cases isotropic mesh refinement inevitably

leads to rapid growth of the problem size.

Although highly anisotropic meshes are, in many cases, very efficient from an energetical

point of view, sometimes it may be desirable to enforce elements having relatively small

aspect ratios. For instance, if iterative solvers are used, highly distorted meshes may slow

down the computation. Consequently, the variational h-adaption has been combined with

Rivara’s longest-edge bisection algorithm guaranteeing an upper bound of the aspect

ratio. However, it should be emphasized once again that in contrast to the purely energy-

driven formulation, the combined method is not optimal from an energetical point of

view.

7.2 Outlook and future work

In the present work, different numerical models for the simulation of material failure at

finite strains have been discussed. Conceptually, these approaches can be grouped into

cohesive finite element formulations and variational mesh adaptions. The performance of

these methods has been demonstrated by several numerical examples. However, for more

complex mechanical problems such as cracking in large engineering structures, a combina-

tion of both classes of algorithms seems to be necessary. The coupling of variational mesh

adaption with cohesive finite element formulations represents one of the ongoing research

subjects. First ideas can be found in [Negri 2005b; Mosler, Ortiz & Pandolfi

2006]. They will be briefly discussed in the remaining part of this section.

Following [Francfort & Marigo 1998; Bourdin, Francfort & Marigo 2000;

Dal Maso & Zanini 2005; Yang, Mota & Ortiz 2005], crack propagation in brittle

materials or the formation of slip bands can be recast into a minimization principle of the

type

inf
ϕ,[[u]]

Ih(ϕ, [[u]]) (7.1)

defined by the (pseudo) potential

Ih(ϕ, [[u]]) =

∫
Ω

Ψ(ϕ) dV +

∫
∂sΩ

Ψ̃([[u]]) dA (7.2)

depending on the continuous deformation mapping ϕ and the displacement discontinuity

[[u]]. Here, Ψ represents the (pseudo) bulk energy and Ψ̃ is associated with the energy
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corresponding to the cohesive surfaces. It is noteworthy that the limit of integration of

the second term can be re-written as

∂sΩ = {X ∈ Ω | || [[u]] (X)|| 6= 0}. (7.3)

Clearly, if the space of special functions with bounded variations (SBV) is chosen as

the domain of ϕ, [[u]] = [[ϕ]], and the minimization problem (7.1) reads simply infϕ Ih.

Unfortunately, the solution of the optimization problem (7.1) is not without difficulty.

Very recently, [Negri 2005b] and [Ortiz & Pandolfi 2005; Mosler, Ortiz & Pan-

dolfi 2006] published first ideas for solving the minimization problem (7.1). Roughly

speaking, these authors combined the VALE method according to Chapter 4 with clas-

sical interface cohesive finite elements, cf. [Ortiz & Pandolfi 2005]. As mentioned

before, one essential problem associated with interface elements is that the topology of

∂sΩ is approximated by facets between neighboring bulk elements. As a consequence, the

space of admissible ∂sΩ is relatively small which results, in many cases, in locking effects.

More specifically, the numerically computed dissipation is often overestimated, cf. [Gan-

guly, Vavasis & Papoulia 2005]. However, within the numerical methods advocated

in [Negri 2005b; Mosler, Ortiz & Pandolfi 2006] the finite element mesh over

the reference configuration of the body follows from the underlying physical minimization

problem (7.1) as well. This leads to an improvement of the topology of the cohesive sur-

faces and hence, reduces locking effects. More precisely, [Negri 2005b] proved (under

certain assumptions) that the finite element discretization of Eq. (7.1) Γ-converges to the

original problem (in the space of special functions with bounded variations). The first

numerical results obtained from the combined VALE cohesive finite element formulation

are very promising. However, further investigations are necessary.

Alternatively, the variational h-adaption as discussed in Chapter 6 can be coupled with

cohesive finite elements. The performance of such an algorithm is illustrated here. For the

sake of simplicity, cracking is modeled by using traction-free internal surfaces. Further-

more, those surfaces are defined explicitely by changing the essential boundary conditions.

However, it should be noted that although the more general case, i. e., traction-separation

laws with a continuous softening response, requires a transfer of the history variables, it

does not lead to further problems in principle. Based on the prototype model, the prob-

lem shown in Fig. 4.6.2 is re-analyzed numerically. First, the variational h-adaption pre-

sented in Chapter 6 is applied. Subsequently, crack propagation is taken into account by

modifying the Dirichlet boundaries and the energy-driven mesh-refinement/coarsening

strategy is used once again. It can be seen that before cracking (Fig. 7.1a)), the discretiza-

tion in the vicinity of the crack tip is very fine, while the triangulation of the remaining

part of the structure is relatively coarse. Due to crack growth, the region showing high

energy densities moves. According to Fig. 7.1b), this leads to a re-meshing. More pre-

cisely, the variational h-refinement algorithm automatically adapts the mesh such that

only domains characterized by high energy densities are refined. As a consequence, the
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a) b)

Figure 7.1: Numerical analysis of the notched specimen shown in Fig. 4.6 by using

the variational h-adaptive finite element formulation according to Chap-

ter 6 combined with Rivara’s LEPP algorithm. The solution is symmetric

about three orthogonal axes and only one eighth of the system is given,

cf. Fig. 6.3a). Crack propagation is approximated by changing the essen-

tial boundaries: a) deformed configuration before cracking; b) after crack

propagation.

combination of cohesive finite element approaches with variational h-adaption seems to

be very promising. Clearly, further work in this direction is required.

As the final prototype model, classical interface models are combined with the energy-

driven remeshing strategy advocated in Chapter 5. For cracking in brittle materials, the

finite element framework proposed in [Ortiz & Pandolfi 1999] is adopted. However,

the Strong Discontinuity Approach (SDA) presented in Chapter 3 could be applied as

well. It is an educated guess that the variational remeshing method leads to a new trian-

gulation whose facets are aligned with the crack surface corresponding to the analytical

solution. First results obtained from the coupled approach are given in Fig. 7.2. The fig-

ures correspond to different stages of cracking in a plain concrete slab subjected to mode-I

loading. It is evident from this example that the variational method leads to remeshing

and hence, to a different set of admissible crack paths compared to the initial mesh. For

the analyzed structure, this does not have a strong effect on the structural behavior of

the system, since the facets of the initial mesh are already aligned with the expected path

of the primary crack. However, the topology of the secondary cracks which are hard to

see in Fig. 7.2 are optimized. More precisely, the local mesh transformations lower the

pseudo energy, and hence, the energy-driven remeshing strategy improves the quality of

the solution.



7.2 Outlook and future work 163

a) b) c)

Figure 7.2: Numerical analysis of a notched slab subjected to mode-I type loading by

using the variational remeshing strategy presented in Chapter 5 combined

with cohesive interface elements: three deformed configurations: a) before

crack propagation; b) intermediate stage; c) fully open crack

Although the coupled models briefly presented in this section have to be understood as

prototypes, the efficiency of the resulting approaches can already be recognized.
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E. Hinton (Eds.), Proc., 4th Int. Conf. Computational Plasticity, Volume 1, 547–561.

Armero, F. and K. Garikipati (1996). An analysis of strong discontinuities in mul-

tiplicative finite strain plasticity and their relation with the numerical simulation of

strain localization in solids. International Journal for Solids and Structures 33, 2863–

2885.

165



166 BIBLIOGRAPHY

Armero, F. and E. Love (2003). An arbitrary Lagrangian-Eulerian finite element

method for finite strain plasticity. International Journal for Numerical Methods in

Engineering 57, 471–508.

Asaro, R.J. (1983). Micromechanics of crystals and polycrystals. Advances in Applied

Mechanics 23.

Askes, H., E. Kuhl and P. Steinmann (2004). An ALE formulation based on spatial

and material settings of continuum mechanics. Part 2: Classification and applications.

Computer Methods in Applied Mechanics and Engineering 193 (39-41), 4223–4245.
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Dolbow, J., N. Moës and T. Belytschko (2002). An extended finite element method

for modeling crack growth with frictional contact. Computer Methods in Applied Me-

chanics and Engineering 190, 6825–6846.

Dompierre, J., P. Labbe and F. Camerero (1984). Proposal of benchmarks for

3D unstructured tetrahedral mesh optimization. In Seventh International Meshing

RoundTable’98, 459–478.

Donea, J. (1983). Arbitrary Lagrangian-Eulerian finite element methods. In T. Be-

lytschko, T.J.R. Hughes, and K.-J. Bathe (Eds.), Computational Methods in Transient

Analyses, Volume 1 of Mechanics and Mathematical Methods, 473–516. North-Holland.

Dugdale, D.S. (1960). Yielding of steel sheets containing slits. Journal of the Mechanics

and Physics of Solids 8, 100–108.

Dumstorff, P. and G. Meschke (2005). Modelling of cohesive and non-cohesive

cracks via X-FEM based on global energy criteria. In E. Oñate and D.R.J. Owen
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element method. In E. Oñate and D.R.J. Owen (Eds.), VII International Conference

on Computational Plasticity.

Dvorkin, E.N., A. M. Cuitiño and G. Gioia (1990). Finite elements with displace-

ment interpolated embedded localization lines insensitive to mesh size and distortions.

International Journal for Numerical Methods in Engineering 30, 541–564.

Erdogan, F. and G. Sih (1963). On the crack extension in plates under plane loading

and transverse shear. Journal of Basic Engineering 85, 519–527.

Ern, A. and J.-L. Guermond (2004). Theory and practice of finite elements. Spinger

New York.

Eshelby, J.D. (1951). The force on an elastic singularity. Phil. Trans. R. Soc. Lond.

A 244, 87–112.



170 BIBLIOGRAPHY

Eshelby, J.D. (1975). The elastic energy-momentum tensor. J. Elasticity 5, 321–335.

Eterovic, A.L. and K.-J. Bathe (1990). A hyperelastic-based large strain elasto-

plastic constitutive formulation with combined isotropic-kinematic hardening using the

logarithmic stress and strain measures. International Journal for Numerical Methods

in Engineering 30, 1099–1114.

Fancello, E., J.-P. Ponthot and L. Stainier (2005). A variational formulation

of constitutive models and updates in non-linear finite viscoelasticity. International

Journal for Numerical Methods in Engineering . in press.

Feist, C. and G. Hofstetter (2005). An embedded strong discontinuity model for

cracking in plain concrete. Computer Methods in Applied Mechanics and Engineering .

in press.

Felippa, C. (1976). Numerical experiments in finite element grid optimization by direct

energy search. Appl. Math. Modelling 1, 93–96.

Fetecau, R.C., J.E. Marsden and M. West (2003). Variational multisymplectic

formulations of nonsmooth continuum mechanics. In E. Kaplan, J.E. Marsden, and

K.R. Sreenivasan (Eds.), Perspectives and Problems in Nonlinear Science, 229–261.

Springer-Verlag.

Francfort, G.A. and J.-J. Marigo (1998). Revisiting brittle fracture as an energy

minimization problem. Journal of the Mechanics and Physics of Solids 46 (8), 1319–

1342.

Freitag, L.A. and P.M. Knupp (2002). Tetrahedral mesh improvement via optimiza-

tion of the element condition number. International Journal for Numerical Methods

in Engineering 53, 1377–1391.

Frey, P.J. and F. Alauzet (2005). Anisotropic mesh adaptation for CFD computa-

tions. Computer Methods in Applied Mechanics and Engineering 194 (48-49), 5068–

5082.

Ganguly, P., S. Vavasis and K. Papoulia (2005). An algorithm for two-dimensional

mesh generation based on pinwheel tiling. SIAM Journal on Scientific Computing .

submitted.

Garikipati, K. (1996). On strong discontinuities in inelastic solids and their numerical

simulation. Ph. D. thesis, Stanford University.

Garikipati, K. and T.J.R. Hughes (1998). A study of strain localization in a mul-

tiple scale framework - the one-dimensional problem. Computer Methods in Applied

Mechanics and Engineering 159 (3-4), 193–222.

Gasser, Th.C. and G.A. Holzapfel (2003). Geometrically non-linear and consis-

tently linearized embedded strong discontinuity models for 3D problems with an ap-

plication to the dissection analysis of soft biological tissues. Computer Methods in

Applied Mechanics and Engineering 192, 5059–5098.



Bibliography 171

Gasser, Th.C. and G.A. Holzapfel (2005). Modelling 3D crack propagation in un-

reinforced concrete using PUFEM. Computer Methods in Applied Mechanics and En-

gineering 194, 2859–2896.

Gasser, Th.C. and G.A. Holzapfel (2006). 3d crack propagation in unreinfoced

concrete. A two-step algorithm for tracking 3d crack paths. Computer Methods in

Applied Mechanics and Engineering . in press.

Geers, M.G.D., T. Peijs and R. Brekelmans, W.A.M. de Borst (1996). Exper-

imental monitoring of strain localization and failure behaviour of composite materials.

Composite Science Technology 56, 1283–1290.

Geiger, C. and C. Kanzow (1999). Numerische Verfahren zur Lösung unrestringierter

Optimierungsaufgaben. Springer.

German, P., Q.S. Nguyen and P. Suquet (1983). Continuum thermodynamics. J.

Appl. Mech. 50, 1010–1020.

Green, A.E. and P.M. Naghdi (1965). A general theory of an elastic-plastic contin-

uum. Arch. Rat. Mech. Anal. 18, 251–281.

Gurtin, M.E. (2000). Configurational forces as basic concepts of continuum physics,

Volume 137 of Applied Mathematical Sciences. Springer.

Hackl, K. (1997). Generalized standard media and variational principles in classical and

finite strain elastoplasticity. Journal of the Mechanics and Physics of Solids 45 (5),

667–688.
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(Eds.), Computational Modelling of Concrete Struct., 373–382. Pineridge press.

Ortiz, M. (1987). An analytical study of the localized failure modes of concrete. Me-

chanics of Materials 6, 159–174.

Ortiz, M. (2002). Computational Solid Mechanics – Lecture Notes. California Institute

of Technology .

Ortiz, M. (2003). Continuum Mechanics – Lecture Notes. California Institute of Tech-

nology .

Ortiz, M., Y. Leroy and A. Needleman (1987). A finite element method for localized

failure analysis. Computer Methods in Applied Mechanics and Engineering 61, 189–

214.

Ortiz, M. and A. Pandolfi (1999). Finite-deformation irreversible cohesive elements

for three-dimensional crack-propagation analysis. International Journal for Numerical

Methods in Engineering 44 (9), 1267–1282.

Ortiz, M. and A. Pandolfi (2004). A variational Cam-clay theory of plasticity. Com-

puter Methods in Applied Mechanics and Engineering 193, 2645–2666.

Ortiz, M. and A. Pandolfi (2005). Variational cohesive fracture models and three-

dimensional crack tracking. unpublished.

Ortiz, M. and J.J. Quigley (1991). Adaptive mesh refinement in strain localization

problems. Computer Methods in Applied Mechanics and Engineering 90, 781–804.



Bibliography 179

Ortiz, M., R.A. Radovitzky and E.A. Repetto (2001). The computation of the

exponential and logarithmic mappings and their first and second linearizations. Inter-

national Journal for Numerical Methods in Engineering 52 (12), 1431–1441.

Ortiz, M. and E.A. Repetto (1999). Nonconvex energy minimisation and dislocation

in ductile single crystals. J. Mech. Phys. Solids 47, 397–462.

Ortiz, M. and L. Stainier (1999). The variational formulation of viscoplastic constitu-

tive updates. Computer Methods in Applied Mechanics and Engineering 171, 419–444.

Pandolfi, A., P. Krysl and M. Ortiz (1999). Finite element simulation of ring ex-

pansion and fragmentation: The capturing of length and time scales through cohesive

models of fracture. International Journal of Fracture 95 (1-4), 279–297.

Papadopoulos, P. and J. Li (1998). A general framework for the numerical solution

of problems in finite elasto-plasticity. Computer Methods in Applied Mechanics and

Engineering 159, 1–18.

Papoulia, K., S. Vavasis and P. Ganguly (2005). Spatial convergence of crack

nucleation using a cohesive element model on a pinwheel-based mesh. International

Journal for Numerical Methods in Engineering . in press.
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Appendix A

A tetrahedral shape measure

In this appendix, a tetrahedral shape measure fulfilling the conditions enumerated in

Remark 4.6.2.1 is briefly presented. It was advocated in [Knupp 2000a; Knupp 2000b;

Freitag & Knupp 2002]. The shape measure is based on the condition number of

the mapping connecting an element e to its ideal counterpart (all edges have the same

length). Clearly, this mapping measures the deviation of the physical to the ideal simplex.

According to Fig. A.1, this mapping is given by F ∈ L(R3,R3) with F : ξ 7→ J W−1 ξ.

In the present work, the reference element

ΩM = span{0, e1, e2, e3} (A.1)

is chosen. It can be seen directly, that the simplex

Ωideal = span{0, e1, (1/2,
√

3/2, 0), (1/2,
√

3/6,
√

2/
√

3)} (A.2)

ideal
element

reference
element

element in
physical

coordinates

JW

J W−1

Figure A.1: Different configurations of a simplex element

185



186 Appendix A: A tetrahedral shape measure

is ideal, i. e., all edges of this element have the same length. Consequently, the mapping

connecting ΩM to Ωideal is characterized by the matrix

W :=

 1 1/2 1/2

0
√

3/2
√

3/6

0 0
√

2/
√

3

 (A.3)

and J is the classical Jacobian matrix. It can be shown in a straightforward manner

that

g(J) = min
A

κ(A W−1)/κ(J W−1) (A.4)

is a shape measure for simplex elements with κ being a condition number, i. e., g fulfills

the criteria according to Remark 4.6.2.1 and the shape of two simplex elements can be

compared to one another by simply evaluating the function g, i. e.,

g(J (1)) > g(J (2)) ⇐⇒ the shape of element 1 is better. (A.5)

Evidently, this maximum principle is equivalent to

κ(J (1) W−1) < κ(J (2) W−1) ⇐⇒ the shape of element 1 is better. (A.6)

It is noteworthy that this criterion is equivalent to minimizing the interpolation error.

More precisely, the local interpolation error for affine meshes is given by

|v − Ikv|m,p ≤ c
(
||J || ||J−1||

)m ||J ||l+1−m |v|l+1,p ∀v ∈ W l+1,p(Ω). (A.7)

Here, Ikv, | • |m,p, c, || • || and W a,b(Ω) denote the Lagrangian interpolation of v by

polynomials of order k, a semi-norm defining the classical Sobolev norms, a constant

greater than zero, the induced Euclidian norm and the Sobolev spaces over the phys-

ical simplex Ω, respectively, cf. [Ern & Guermond 2004]. For sufficiently smooth

functions v, the estimate (A.7) is optimal.

If, without loss of generality, the ideal element is chosen as the reference element and the

condition number based on the Euclidian norm is used, criterion (A.6) reads

||J (1)|| ||J (1)−1

|| < ||J (2)|| ||J (2)−1

|| ⇐⇒ the shape of element 1 is better. (A.8)

However, since ||J (e)|| ≤ c̃ diam(Ωe), criterion (A.8) is equivalent to minimizing the

local interpolation error (A.7) (if element 1 and 2 have almost the same diameter). As

a consequence, the shape measure as defined by Eq. (A.4) is mathematically sound. It

should be noted that several other shape measures exist which do not show this property,

cf. [Shewchuk 2002].

Based on criterion (A.6) a given initial triangulation can be improved (with respect to

the interpolation error) by applying the optimization strategy

inf
Xh

Igeom with Igeom =

nele∑
i=1

(f(J i))
p and f(J) = κ(J W−1). (A.9)
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In what follows, the exponent p is set to p = 2. Although the induced Euclidian norm

appears canonically in the error estimate (A.7), it is not well suited for numerical com-

putations. Hence, the condition number based on the Frobenius norm |A| :=
√

A : A

is used, i. e., κ2(A) = (A : A) (A−1 : A−1).

If principle (A.9) (with p = 2) in conjunction with a Newton iteration is applied to

improve an initial discretization, the first and second derivatives of Igeom are required.

Hence, the derivatives of κ2(J W−1) with respect to the nodal coordinates X(i) (1 ≤ i ≤
4) have to be computed. They are summarized below.

With A := JW−1 and f(J) := (A : A) (A−1 : A−1),

∂f

∂X
=

∂f

∂A
:
∂A

∂J
:
∂J

∂X
(A.10)

and hence,
∂f

∂Xz

=
∂f

∂Aoj

W−T
jp

∂Jop

∂Xz

. (A.11)

Using

J =

 X
(2)
1 −X

(1)
1 X

(3)
1 −X

(1)
1 X

(4)
1 −X

(1)
1

X
(2)
2 −X

(1)
2 X

(3)
2 −X

(1)
2 X

(4)
2 −X

(1)
2

X
(2)
3 −X

(1)
3 X

(3)
3 −X

(1)
3 X

(4)
3 −X

(1)
3

 , (A.12)

Eq. (A.11) reads
∂f

∂X(i)
=

∂f

∂A
·W−T · n(i), (A.13)

with
n(1) = (−1;−1;−1)

n(2) = ( 1; 0; 0)

n(3) = ( 0; 1; 0)

n(4) = ( 0; 0; 1) .

(A.14)

The second derivatives are given by[
∂2f

∂X(x)∂X(y)

]
ij

=

[
∂2f

∂A2

]
iojp

[
W−T · n(x)

]
o

[
W−T · n(y)

]
p
. (A.15)

Finally, applying
∂[|A|2]
∂A

= 2 A (A.16)

and
∂[|A−1|2]
∂A

= 2 A−1 :
∂A−1

∂A
= −2 A−T ·A−1 ·A−T , (A.17)

the first derivative of f(A) with respect to A

∂[κ(A)2]

∂A
= 2 |A−1|2 A− 2 |A|2 A−T ·A−1 ·A−T (A.18)
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and the second derivative of f(A)

∂2[κ(A)2]

∂A2 = 2 |A−1|2 1⊗1− 4A⊗
[
A−T ·A−1 ·A−T

]
− 4

[
A−T ·A−1 ·A−T

]
⊗A

+ 2|A|2 A−T⊗
[
A−1 ·A−T ·A−1

]
+ 2|A|2

[
A−T ·A−1

]
⊗
[
A−1 ·A−T

]
+ 2|A|2

[
A−T ·A−1 ·A−T

]
⊗A−1

(A.19)

are calculated. Here, [A⊗B]ijkl := Aik Bjl and [A⊗B]ijkl := Ail Bjk.



Appendix B

Derivatives of a neo-Hookean energy

functional

Closed form expressions for the stress tensors and their derivatives defined by the free

energy functional

Ψ =
1

2
λ log2 J +

1

2
µ (trC − 3− 2 log J) , J = det F , trC = C : 1 (B.1)

are summarized in this appendix. They have been given earlier in [Thoutireddy 2003;

Thoutireddy & Ortiz 2004; Kuhl, Askes & Steinmann 2004].

Using Eq. (B.1), the first Piola-Kirchoff stress tensor reads

P =
∂Ψ

∂F
= (λ log J − µ) F−T + µ F (B.2)

and the Mandel stresses result in

M = Ψ 1− F T · P = (Ψ− λ log J + µ) 1− µ C. (B.3)

Computing the second derivatives of Ψ, closed from expressions of the tangent tensors

∂P

∂F
= λ F−T ⊗ F−T + µ 1⊗1 + (µ− λ log J) F−T⊗F−1 (B.4)

C = F−T (2)
· d2(Ψ J)

d
[
F−1

]2 · F−T = J (Ψ− 2 λ log J + 2 µ+ λ) 1⊗ 1

−J (Ψ− λ log J + µ) 1⊗1

+J µ (C⊗1 + 1⊗C −C ⊗ 1− 1⊗C + C⊗1)

(B.5)

and
∂M

∂F
= [λ (log J − 1)− µ] 1⊗ F−T + µ

[
1⊗ F − 1⊗F T − F T⊗1

]
(B.6)

are computed. Here, [A⊗B]ijkl := Aik Bjl and [A⊗B]ijkl := Ail Bjk.
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Appendix C

Data structure for coarsening of a

finite element mesh

In this appendix, a simple data structure providing all information necessary for the

local mesh refinement/coarsening strategy according to Section 6.7 is given. Its main

ingredients are two vectors of the type Element and Edge. Parts of the respective classes

are shown in Fig. C.1.

class Edge

{
private:

int Nr;

std::vector<int > Element List; // neighboring elements
std::vector< pair< int, int> > Parents; // parent edges (the vertices)
int Node List[3]; // nodes defining the edge
int Cut; // = 1 for refinement
. // =-1 for coarsening
.
.

class Element

{
private:

int Nr;
int Node List[10]; // nodes defining the element
int Edge List[6]; // edges
std::vector< pair< int, int> > Child Edge; // list of child edges (vertices)
.
.
.

Figure C.1: Parts of the c++ classes storing the information of the edges and the ele-

ment objects
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